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Introduction

1.1 Network Games

Various types of games on networks have been studied in recent years. The
variety of models is huge, reaching from basic design of a network to rout-
ing network flow or allocating resources in existing networks. For instance in
routing games, flow has to be transported from origin to destination nodes. It
is assumed that the flow itself consists of atomic [CCSM06, BMI06, Rou05b)]
or nonatomic [Rou05a, KP99] players that independently choose their way to
the destination. The objective is to determine equilibria under the assumption
that the network is congested, i.e., the cost for using edges is growing with
the load on an edge. An important question is the loss of efficiency caused
by the selfishly acting players compared to a centrally controlled scenario.
Related are the Stackelberg network games (or: Stackelberg routing games)
[Swa07, KS06, BS02, Rou04, KLO97], where central control is partially admit-
ted. One or several players have a leading function and are able to influence
the price, e.g., by fixing parts of the flow. The leaders maximize their own pay-
off taking into account the noncooperative behavior of the remaining players,
the followers.

Not only routing problems are modeled as games on networks. In load-
balancing games [GCO05, STZ04, CKV02], load is to be assigned to re-
sources such as jobs to machines, e.g., in server farms. The network pric-
ing game [HTWO05] combines the view of a network provider and a network
user. Network providers compete for customers by offering different prices
and services. In facility location games [Vet02, GS04, CCLET06, Mal07],
facilities like warehouses or public utilities have to be located and allo-
cated to the demand points. Related are the service provider games where
a provider offers service to possible customers [DGK*05, BCKV06]. Mini-
mum cost spanning tree games [Bir76, DH81| and Steiner tree games [SK95,
KLS05] are cooperative models that describe situations where users are
connected to a common supplier via network. The goal is to find a sta-

S. Schwarze, Path Player Games, DOI 10.1007/978-0-387-77928-7_1, 1
(© Springer Science+Business Media, LLC 2009



2 1 Introduction

ble allocation of routing costs to the users. Finally, network design games
[CRV08, AK07, CR06, FLM*03, ADK*04] and network formation games
[EBKS07, GVR05, Jac05, BLPGVRO04] describe the generation of networks.

Studying network games is of high interest as applications are found in var-
ious fields. For instance, telecommunication systems are a very active research
field with respect to network games. Many questions of telecommunications
are modeled as game situations, for instance routing problems, load balanc-
ing, resource allocation, or network security are topics of ongoing research.
See Altman et al. [ABEAT06] for a recent and extensive overview concerning
network games in telecommunications. Another related area where network
games are applied successfully is the computer sciences. Routing, traffic al-
location, load balancing, and pricing issues are becoming important every-
time computers are connected through networks and when services have to
be provided [Pap01, CKV02]. Agent-based models incorporate game theoretic
principles like the selfish behavior of the agents [AKO05, Nis99].

Naturally, network games do apply for all kind of optimization problems
which can be modeled as networks. We have already mentioned facility loca-
tion problems above. Moreover, questions arising in transportation networks
that are modeled by network games. For instance, an often cited example for
the routing game is private automotive traffic during rush hours. Furthermore,
line planning in public railway systems is discussed in [SS06b] and in Chap-
ter 4. In addition, see [JMSSMO05, CLPU04, CC01] where routing and passen-
ger assignment in transportation systems are studied. As social relations may
be modeled by networks, they also serve as applications for network games;
see, [GVR05, GGAM™03, GO82| for examples.

The future prospects of network games are promising. Apart from the
highly active ongoing research, there are fields which might be successfully
captured by networking games. For example, the investigation of network
properties motivated by physical or biological applications will be a promising
new area of research. The concepts of centrality, density, and connectivity
of networks are worthwhile to be studied in the scope of network games;
see [JS08, BEO5] for an introduction into the matter. Moreover the dynamic
character of evacuation problems (see [BS06, HT01, SS02]) makes them a
possible application for network games, where the uncontrollable behavior of
the evacuees matches the independent and selfish acting players.

1.2 The Scope of This Book

In this book, we study a new type of routing game. Usually in routing games,
the problem of sending flow in a network is considered from the point of view
of the flow itself, assuming that the flow can choose a path from the origin
to the destination. Another interesting aspect, which has not been considered
yet, is the behavior of the path owners, when they are allowed to choose the
amount of flow that will be sent along the paths. This new constellation mod-
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els systems where paths are owned by decision makers; the decision makers
offer their paths for use by the flow. Equilibria in this model describe a stable
market situation among path owners. Thus, the existence, characterization,
and computation of equilibria is an important research topic and is investi-
gated in this text. An application to a particular problem of public transport
optimization is considered. Moreover, a network-independent generalization
of the model is proposed.

Path player games are a new type of network games that analyze com-
petitive situations in networks from the path owner’s point of view. In many
situations, networks are shared by several owners, such as service providers in
information networks or suppliers in energy networks. Usually, these owners
are in a competitive situation, as they want the customers to pay for the of-
fered services (energy, bandwidth). Path player games model this competitive
situation by considering the paths in a network as players in an infinite nonco-
operative n-person game. The strategy of each player, which is privately kept,
is to choose a nonnegative amount of flow to be routed along his own path. A
maximal flow rate is defined to limit the amount of flow in the network. The
benefit to each player incorporates a cost function depending on the complete
flow in the network. Furthermore, a penalty for infeasible flow (i.e., a flow
that exceeds the flow rate of the network) is considered in the benefit. Finally,
a security payment offers a benefit, which can be obtained by a player when
the flow is feasible.

In this concept of an infinite noncooperative game with noncontinuous
benefit functions, we prove the existence of equilibria in pure strategies. Fur-
thermore, we analyze characterizations of equilibria for special instances of the
game. In fact, path player games provide multiple equilibria in many cases.
Hence, in a second approach we investigate dominance among equilibria and
among flows in general. We show that there are classes of path player games
where each nondominated flow is an equilibrium, and also the existence of
cases where each equilibrium is nondominated. Furthermore, the equality of
the set of equilibria and nondominated flows holds for another class of path
player games. On the other hand, we can find cases where the set of equilibria
and nondominated flows have no intersection point, a situation similar to the
Prisoner’s Dilemma.

Path player games turn out to be interesting also from another theoret-
ical aspect. We prove that the class of path player games is a new class of
exact potential games; that is, an exact potential function exists. Potential
functions model the increase or decrease of benefit a player is experiencing
while changing her own strategy. We exploit this result to develop algorith-
mic approaches for the computation of equilibria. One approach requires the
solution of an optimization problem, and a second one uses greedy steps to
determine equilibria.

After obtaining these results, we extend the concept of path player games
to a more general setting, the games on polyhedra. These games are an in-
stance of generalized equilibrium games, that is, games where the strategy set
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of a player is dependent on the current strategies of the competitors. Games on
polyhedra cover a large set of continuous games and the results in this field are
not only of interest for path player games but also for generalized games. We
present instances of games on polyhedra where the set of equilibria is equiv-
alent to the set of optimal solutions of a linear program. Furthermore, there
are instances of games on polyhedra that are exact potential games, which
allows us to take advantage of the properties of potential functions as we have
done for path player games. To get rid of the dependencies among strategy
sets, we transform the games on polyhedra to games on hypercuboids. Hereby,
we use the smallest hypercuboid that contains the considered polyhedron and
introduce a penalty for solutions outside the polyhedron. These games are no
longer generalized equilibrium games. We investigate the relation of equilibria
in games on polyhedra and games on hypercuboids.

We apply the theoretical results from path player games and games on
polyhedra to the line planning problem, a problem widely studied in trans-
port optimization. In this problem, lines have to be chosen from a given line
pool and frequencies have to be determined such that the customers’ demand
is satisfied. As a new approach to tackle line planning problems, we use the
concept of path players and let the lines be owned by players who want to
minimize the delay on the line. It turns out that line planning games are a
generalization of path player games, and a special case of games on polyhe-
dra. We exploit both facts and use solution strategies developed in previous
chapters to compute equilibria in line planning games. Finally, we present a
numerical example, based on the German railway system. A short summary
and an outlook on future research topics in this area concludes this work.

A recommendation concerning the sequence of reading this text is given
in Figure 1.1.
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Fig. 1.1. Recommended sequences of reading.
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2

The Path Player Game

In this chapter, path player games are introduced and analyzed. A rough
description of path player games is the following. Given a network with a set
P of specified paths (one for each player) and an overall flow rate r, find flows
for each path not exceeding the flow rate and maximizing the benefit of the
players.

2.1 The Model

2.1.1 Introduction

In this chapter, we introduce path player games, which are a new approach
to model a routing problem from the viewpoint of the network operators. We
consider a network that is shared by competing resource owners that represent
the players in the game. These players act independently and selfishly. We
assume that each player owns exactly one path, that is, a sequence of edges in
the network. Each resource provider offers an amount of flow that he allows
to be routed along his path; we assume a sufficiently high demand for this
resource. The player receives income (or benefit) from the flow that is using
his path. The benefit depends on the flow and it is not necessarily strictly
increasing. Thus, situations may appear where the resource providers are not
necessarily interested in routing as much flow as possible. Decreasing parts
of the benefit function may be justified, for example, by increasing operating
costs due to overtime, additional maintenance, and other expenses caused
by handling too much flow. One interesting component of the game is that
the paths may own edges shared with other paths, which can have positive
or negative effects for the players. It may happen that players are forced into
situations where too much flow decreases their benefit, or the other way round
that the flow provided by other paths increases their income. We assume that
the path owners get punished if the network is overloaded, that is, if the sum
of the offered flow is higher than a given flow rate r representing the network

S. Schwarze, Path Player Games, DOI 10.1007/978-0-387-77928-7_2, 7
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8 2 The Path Player Game

capacity bound. In practice, this bound may arise from public regulations
such as a limitation of traffic for ecological reasons, but also from capacity
restrictions in the network. With this punishment, the players are forced to
satisfy the feasibility constraint that requires the complete flow in the network
to be less than or equal to the flow rate. If some players are too greedy, the
whole group of players is punished. Nevertheless, cooperation is not allowed
in path player games.

As the path player game models situations in which several providers of a
commodity share a network, its applications can be found in public transport,
telecommunication, or information networks. In Chapter 4, an application to
the line planning problem is investigated.

The path player game is a new type of network game. We now review re-
lated literature in the field. First, there is the routing game, which is analyzed
from the perspective of the flows. A routing game is played, like the path
player game, on a congested network, that is, the cost functions assigned to
the edges depend on the load. The flow is assumed to consist of a finite or
infinite number of players. Each of the players chooses a path from source to
sink that minimizes the cost of traveling along that path. This model can be
seen as a counterpart to the path player game, as it represents the position
of the travelers, that is, of the flow. Note that the cost functions in routing
games are sometimes interpreted as latencies. An increasing latency prevents
too much flow going over the edge. Thus, in some sense it acts as a substitute
for the capacity constraint, which is missing in the basic version of routing
games. The interpretation of cost functions in path player games is different,
as we assume that the cost paid by the flow is meant as income for the path
owners.

The routing game has been analyzed in several papers. A commonly dis-
cussed issue is the relation of the cost of equilibria in a routing game and
the cost of a system optimum. For this relation, the notation coordination
ratio is introduced by Koutsoupias and Papadimitriou in [KP99]. Here, a
network consisting of m parallel edges is studied, which is called, accord-
ing to the authors, the KP-model. The KP-model has later been studied in
several publications, such as [FKKT02, LMMRO04, FV05]. The coordination
ratio is also known as the price of anarchy in other references; see for example,
[RT02, Rou03, Rou04] or [Rou05a], this latter containing the first references.
In this material, the Wardrop model (see [War52]) is studied on networks with
an infinite amount of players. The central question here and in other publica-
tions (see, e.g., [CV07]) is how to bound the coordination ratio. In [CSS04b]
this analysis is done for capacitated networks. Also, some research has been
done to cope with the loss of efficiency experienced by the selfish behavior of
the players. One approach is to introduce taxes to regulate the traffic (see,
e.g., [CDRO3, Fle04, HTWO05]) other attempts analyze the design of the un-
derlying network (see, e.g., [FLMT03, GKR03, ADK'04]). Modifications in
terms of the cost functions are considered, e.g., in [Per04]. In [CSS04al, the
routing problem is considered for a different objective function, namely to
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minimize the maximal latency. In [KK03], side constraints such as capacity
bounds are added to the routing game model. In [FV04], the authors investi-
gate a dynamic version of the routing game, based on evolutionary processes.
Routing games with multicriteria objective functions are considered, for ex-
ample, in [CGY99, Nag00]. In [San01] it is shown that the Wardrop model
for an infinite number of players is a potential game (see Section 2.4 for an
introduction to potential functions), which is also considered by [CRO6].

In terms of application of routing games, a survey in the field of telecom-
munications is presented in [ABEAT06]. Applications to information networks
are given in, for example, [CKV02, AK05, AEAP02]. In [HSK02], the authors
consider in an experimental setting how forecasts of traffic jams influence the
behavior of selfish-acting road users.

In contrast to routing games, the strategies of the players in a path player
game can be taken as offering bandwidth to the flow. In fact, our model is
related to bandwidth allocation games, as described, for example, in [Kel97,
JT04]. In bandwidth allocation games, capacitated edges are used by several
players. The players send bids to a central manager; subsequently the manager
determines the prices of the edges and answers with an allocation of bandwidth
that is proportional to the bids. Moreover, he cares for satisfying the capacity
constraints. Each user has her own utility function that determines her payoff
depending on the price and the bid. These types of games distinguish between
price-taking users and price-anticipating users. The price-taking users just
accept the price given by the manager, whereas the price-anticipating users
take into account the reasoning of the manager and adjust their bids. Only
the second approach represents a game. Contrary to this model, our model
considers no capacities on the edges, although the flow rate r corresponds to
a capacity in a single-edge bandwidth allocation game. Also the “bids” in the
path player game (e.g., the strategies) are not answered by a manager, but
are directly accepted. So, the path player game is a simpler approach which
enables us to get further results. In the path player game we allow general
continuous and nonnegative cost functions, whereas in bandwidth allocation
games strictly increasing, continuously differentiable, and concave functions
(so-called elastic traffic) are required. Furthermore, in bandwidth allocation
games the existence of equilibria cannot be guaranteed. In the path player
game we are able to prove their existence for the case of continuous cost
functions.

Another model describing the behavior of path owners is the path auction
[Yan07, NRO1, NIS05, ESS04, AT02]. Here, each edge is owned by one player.
A central manager has the task to buy a shortest path, leading from s to ¢,
from the edge owners. The edge owners know the real price of their edges,
but they are allowed to report a wrong price if they benefit from lying. The
question is how to develop a payment mechanism such that it is in every edge
owner’s interest to tell the truth. Such a mechanism is called truth telling. This
model is in a sense related to ours: assume our network consists of parallel
edges from s to ¢; our path owners would be edge owners as well. Nevertheless,
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in the path player game we are analyzing the game aspect in an earlier stage
and as a consequence we are able to obtain further results.

Parts of the results of Sections 2.1 and 2.2 have been published in
[PSS08].

2.1.2 Notation

We consider a directed network G = (V,E) with finite sets of vertices
v € V and edges e € E. Let the edges be given as e = (v.,v”) € F, with

er e
vl,v) € V. A path P from a vertex v to a vertex v is a finite sequence of

er e

edges: P = (e1,...,ex) such that v, =wv, v/, =9 and v/, = v, holds for
k=1,...,K —1, and such that each edge is contained in P not more than

once: e, # ey V em,ep € Pym # (. By P we denote the set of all paths P in G
from the single source s to the single sink ¢; that is, the set P is given by the
structure of the network G. For real-world problems, the number of players
may become very large in most cases. Hence, a variation of the game is given
by considering not all paths in a network but a subset P C P. Depending on
the application, uninteresting paths could be neglected and as a result, the
problem size would decrease. Each edge e is associated with a cost function
¢e(+) that depends on the load on e. The cost function represents the income
of the edge owners, that is, of the paths that contain that edge. We assume
the cost functions to be continuous and nonnegative for nonnegative load:
ce(x) > 0 for x > 0. If an edge belongs to more than one owner, we assume
that the fee is shared equally among the owners. That means, in order to cover
the payments, the flow that uses the edge has to pay a fee K.(f.) = vece(fe),
where v, is the number of paths that share e. It is possible to generalize this
model by allowing the owners to share the fee in an arbitrary way by intro-
ducing the share s. p that path P owns of edge e. This issue is considered for
future research; see Chapter 5.

The flow is represented by a function f : P — R, ; that is, the flow on a
path P is given by fp.

Definition 2.1. The flow on an edge e € E is given by the sum of the flows
on the paths containing e:
Je= 2 Ir

P:ecP

The cost on a path P is given by the sum of the costs of the edges belonging
to that path:

cp(f) = Z celfe)-

ecP

In the network, the sum of the flows is bounded by the flow rate r > 0
that can be interpreted as a network capacity. The flow routed from source s
to sink ¢ shall not exceed this flow rate.
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Definition 2.2. A flow f is called feasible for a flow rate r if

ZfPST’

pPeP

holds, and infeasible otherwise.

It is not necessary for a feasible flow to cover the flow rate completely,!
which also makes sense in an economic context, where the resource providers
would only satisfy the complete demand if this maximizes their income, but
not if the income decreases, for instance, due to overtime or additional main-
tenance of the resources.

2.1.3 The Rules of the Game

The paths P € P in the network G represent the players? of the game. A
finite number of |P| players compete with each other. Each player proposes
an amount of flow fp, his strategy that he wants to be routed along his
path. Under the assumption of sufficient demand, the player implements the
proposed flow. This is a considerable difference from bidding games, such as
bandwidth allocation or path auction games, where the bidders receive some
share that is determined by a central instance. The number of strategies is
infinite as a player is allowed to choose any nonnegative real flow fp and
hence we consider an infinite game. The payoff in path player games is given
by the benefit function, which depends on f, the strategies of all players. The
benefit is associated with the cost c¢p(f), as this is the income a pathowner
will receive from the flow units. (See Definition 2.4 for a detailed description
of the benefit function.) The path player game is noncooperative and thus it
is possible that the flow created by the decisions of the players is not feasible.
For instance, if the benefit is an increasing function each player will try to get
as much flow as possible and as a consequence the flow rate could be exceeded.
A penalty is introduced to avoid an infeasible flow. In the case of infeasibility,
the benefit of each player will be —M, with M > 0 being sufficiently large.
We show in Section 2.2.3 that an infeasible flow may also be an equilibrium
situation.

Our model also incorporates a social aspect: the community of players
cares for players that receive only a small flow. These players shall get at least
a fixed minimum income. If the flow of a player P lies below the security limit
wp > 0, she will receive a fixed security payment kp > —M.

Definition 2.3. A path P is called underloaded, if fp < wp and loaded oth-
erwise.

! Note that our definition of feasible flow differs from the definition in the routing
game literature, where feasibility is obtained if the flow meets the flow rate exactly.

2 In the course of this chapter we denote both the path and the corresponding
player by P, as both these notations are handled equivalently.
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For positive kp, the security limit and payment serve as insurance that
guarantees a fixed income for each player. In Section 2.2.4 the so-called edge-
sharing effect is described: it is possible that competitors force a player into a
situation where routing more flow means less benefit. In this case, the security
limit can be a protection against this harmful behavior of the competitors and
thus it satisfies the idea of a social protection.

On the other hand, if kp < 0 holds, the payment becomes a punishment
for underloaded paths. Hence, the security payment represents the additional
costs for maintaining an unused resource.

The benefit function bp(f) is first defined in a general way. For this general
benefit, we prove the existence of an equilibrium in Section 2.2.3. To obtain
more results, we restrict the benefit function later on to special cases. Let
0, = (0,...,0)T be the vector that contains n times the entry 0. Summarizing,
we have the following definition of the benefit function bp(f).

Definition 2.4. The benefit function of player P € P in a path player game
is given for f > Oyp| and kp > —M as

cp(f) if Xpepfr ST AfPZwp
bP(f): kp Zf ZPkePka S""/\fP<WP
-M Z.f ZPkeP ka >r

where cp(f) = Y _.cpce(fe), as given in Definition 2.1.

Apart from nonnegativity of wp, we have made no assumptions on wp and
kp. The values are independent of each other for the time being. Nevertheless,
it could be meaningful to define these values such that the security payment
for the underloaded paths is covered by the security penalty (if existing) of
the loaded paths. In the case of infeasibility, the players are punished with a
penalty of —M. In all other cases, the benefit equals cp(f), the sum of cost
functions c.(f.) over all edges that belong to the path. The only assumption
we have imposed on the cost functions c. is that they have to be continuous
and nonnegative for nonnegative flows f. on all edges e € E.

2.1.4 Game Types

In the following, we present a survey of the restrictions on game types we in-
vestigate in this work. The specifications are taken with regard to the network
topology, cost functions, and general ones.

General Specifications
No security limit
Here, each player has a zero security limit; that is, wp =0V P € P.
If the flow is feasible, each player will receive cp(fp) as the benefit.
In this case, the payments xkp are meaningless, as they will never be
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used, hence no security limit causes no security payment. In games
with wp = 0, we therefore set kp = 0.
No security limit is assumed for various results in Section 2.2.5. It is
also necessary for some results in Section 2.3 and is generally assumed
in Section 2.4.

Noncompensative security property
If a game has a noncompensative security (NCS) property (see Sec-
tion 2.2.4 for the definition), each player will have incentive to route a
flow greater than or equal to the security limit wp, if this is possible.
Thus, a player will only take advantage of the security payment if she
is forced to. Games with this property will turn out to have nice be-
havior in terms of equilibria for strictly increasing cost functions; see
Section 2.2.5.

Trivial game
A game is called trivial if the sum of the security limits wp exceeds
the flow rate, that is, if ) ., wp > 7. In these games, it may happen
that the flow rate r is completely used, and every player routes a flow
less than his security limit. See Section 2.2.4 for details. Nontriviality
is required to prove a necessary and sufficient condition for equilibria
in games with strictly increasing costs in Section 2.2.5.

Two-player game
For games on polyhedra (see Chapter 3), which are played by two play-
ers, the set of equilibria in the original game and the set of equilibria
in the extension of the game to the hypercuboid coincide.

Path player game (PPG) property
This property is interesting for games on polyhedra (see Chapter 3),
which are a generalization of path player games. If a game on a poly-
hedron satisfies a PPG property, the existence of potential functions
and the existence of equilibria are proved in Section 3.4.

Specifications of Network Topology
Path-disjoint network

In path-disjoint networks, no path shares an edge with another path
(see Section 2.2.4 for the definition). In this case, some negative effects
in the behavior of the benefit functions can be prevented, for instance,
the edge-sharing effect described in Section 2.2.4. As a consequence,
path-disjoint networks are useful to obtain games with the NCS prop-
erty (see Section 2.2.4).

Regarding dominance, we show in Section 2.3.2 that in path-disjoint
networks, nondominated flows are equilibria. In addition to strictly in-
creasing cost functions, the equality of the set of nondominated flows
and the set of equilibria holds.
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Specifications of Cost Functions

Strictly increasing cost functions

In path player games, we are able to present for strictly increasing
costs a necessary condition for a flow f* to be an equilibrium. If the
game has, in addition, a no security limit, or if the NCS property
together with nontriviality is satisfied, we obtain a necessary and suf-
ficient condition; see Section 2.2.5.

In terms of dominating flows (see Definition 2.68), we show in Sec-
tion 2.3.2 that for strictly increasing costs, the set of nondominated
flows is contained in the set of equilibria. If the game network is in
addition path-disjoint, even equality of these two sets holds.
Regarding computation of equilibria, we show in Section 2.4.5 that a
greedy approach delivers an equilibrium in a finite number of steps.
In games on polyhedra (Chapter 3), we show for strictly increasing
cost functions that equilibria exist (which is not given for games on
polyhedra in general) and we present a full characterization of the set
of equilibria.

Differentiable cost functions

In path player games with differentiable cost functions, benefit func-
tions are still nondifferentiable. A quasi-derivative is introduced, and
a necessary condition for equilibria is developed in Section 2.2.5.

Differentiable and concave cost functions

Path player games with differentiable and concave cost functions are a
special instance of the case described before. If we assume no security
limit in addition, we obtain a necessary and sufficient condition for
equilibria in Section 2.2.5.

Convex cost functions

In path player games with convex cost functions and no security limit,
we provide in Section 2.2.5 a sufficient and necessary condition for
equilibria, by which we can describe a dominating strategy set.
Regarding computation of equilibria, we show in Section 2.4.5 that a
greedy approach delivers an equilibrium in a finite number of steps.
For games on polyhedra with convex costs, it is proved in Section 3.2
that equilibria, if they exist, have to lie on the boundary of the poly-
hedron.

Linear cost functions

In path player games, we show for linear cost functions that computa-
tion of equilibria is possible by using a greedy approach, which delivers
an equilibrium in a finite number of steps (see Section 2.4.5).

In games on polyhedra with linear costs, equilibria exist. Furthermore,
the set of equilibria can be described by the solution set of a linear
program; see Section 3.2. In Section 3.4 it is proved that games on
polyhedra with linear costs are potential games.
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2.1.5 Topology of Networks in Path Player Games

In this section, we describe the concept of a standard network G(n) which is
able to represent all possible networks for a path player game with n players.
The idea is to reduce any network of a path player game to a standard net-
work, without changing the structure of the costs and thus without changing
equilibria. With this technique of reducing any network, we are able to com-
pute and study equilibria in the standard network which is planar and consists
of 2" — 1 edges. Although these results are useful for path player games on
arbitrary networks and are also interesting for the introduction of the path
player game(PPG) property in Section 3.4.1, standard networks have no im-
pact on the remaining chapters in this text. A hurried reader may skip this
section without losing the scope.

Denote with P(n) the power set of the set of players {P,..., P,}. Fur-
thermore, P(n, k) = {m € P(n) : |m| = k} is the set of elements in P(n) that

have k entries. Note that
n
P(n, k)| =
)= ()

holds. Consider edges that are owned by k players. There are (Z) possibilities
that k out of n players share an edge.

Definition 2.5. For a set of players m € P(n), the class of edges that are
owned exactly by the set of players m, is given by

em={e:{P:e€P}=m}, meP(n).

If we neglect the empty set m = ) (as each edge is owned at least by one
path), we have 2" —1 different classes of edges. Note that the sets e,,, m € P(n)
make up a partition of the set of edges E. Note furthermore that e,, is not
just the intersection of the paths P € m. This can be verified in Example 2.7.

Example 2.6. In a path player game with n = 4 players, we have the following
classes of edges.

k=1 emy eipy py &pip

k=2 €(P1, Py} €{Py,Ps}s €{Py,Py}s €{ Py, P3}+ E{Pa, Py} E{Ps,Ps}»
k=3 €{Py,Py,P3}s €{Py,Ps, Py} €{Py,P3,Ps}s €{P>,P3,Ps}>

k=4 €{Py,Py,P3,Ps}-

Classes of edges e, may be empty, see the following example.

Example 2.7. Consider the game illustrated by Figure 2.1 with

Py = {1,4,6},
P2 = {27374a6}a
Ps = {5,6}.

The following classes of edges are given in this game.
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Cl(fl) =f

s ca(f2) =fo  es(fs)=f3 ca(fr) = f3  co(fs) = fo +1
e

cs(fs) = f5/2

Fig. 2.1. Game network of Example 2.7.

k=1 e{p} = {1}’ €{p} = {2’3}5 €{p}y = {5}7
k=2 e(p.py =14}, eppy =0, e(p,py =0,
k=3 €{Py,P,,Ps} = {6}

For n, k € N,k < n, the following is true;

[B(n, k)] = [B(n,n — k)|

Definition 2.8. For each m € P(n) we define the complement of m by
m={P,...,P,}\m.

It can be observed that for for each m, the complement m is well defined, and
that for m € P(n, k) it holds that m € P(n,n — k). Furthermore, for all pairs
m,m it holds that

mNm=0 A mUm={P,...,P,}. (2.1)

In the following, we describe the transformation of the network, of the
paths, and of the costs assigned to edges. Afterwards, we introduce the trans-
formation of the flow and show that the benefit is not changed by this trans-
formation. We start with Algorithm 1, which creates the standard network.
This algorithm generates a network consisting of 2™ —1 edges é,,, one for each
class of edges e,,. These edges are connected by 27~! + 1 vertices (including
source and sink). The source is followed by the single edge é¢p, ... p, referring
to the class eqp, .. p,}. After adding a vertex to that edge, a pair e,,, ez is
attached as parallel edges. This is repeated until all pairs e,,, e are attached
sequentially, connected by vertices. Finally, the sink vertex terminates this
sequence.

Definition 2.9. For a path player game played with n players, we denote the
standard network by G(n) = (V, E), where G(n) is created by Algorithm 1.
Furthermore, for all players P; € {Py,...,P,}, we define Pi, the path con-
necting s and t in the standard network, as the following. P is the sequence
of edges é,, with P; € m, where the edges are given in the same order as they
appear in the standard network G(n).
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Algorithm 1 Generation of standard network G(n)

1: Create source vertex s
2: Attach edge é(p,
3 k=1
4: while k <n/2 do
P* :=P(n, k) UP(n,n — k)
while P* # () do
Choose m € P*
Set m:={Pi,...,P,}\'m
Attach edges é,, and é;, as parallel edges to the transit vertex of the pre-
vious step and terminate with another transit vertex
10: Set P* :=P*\ {m,m}
11:  end while
12: k=k+1
13: end while
14: The vertex attached in the previous iteration is labeled as sink vertex t.

p,} to s and attach a transit vertex, to terminate the edge.

,,,,,

Note that P; is existing and well defined, as after passing any vertex (apart
from the source) there is a parallel pair of edges m, m, where each player P; is
assigned to exactly one of these edges. On the other hand, for every m € P(n)
there is an edge é,, in G(n). Thus, each combination of players sharing edges
is possible.

Ezxample 2.10. Figure 2.2 illustrates the standard network for n = 4.

5 é é é(p. € é é , €

B{PthuFS-nﬂ} {P1} {P:} {Ps} {Ps} {P.Pa} {P1.Ps} {Py Pq}

S A U e P P e ¢
o . W L SRR LW L W b SR L. W

E{Py Py, Py} E(P,Po,Ps} E{P PP} €(P PoPs} E(PoPi}  E(PnPi}  E(PaPi)

Fig. 2.2. Standard network G(4).

Definition 2.11. For a standard network G(n) = (V, E), the cost on an edge
is given by
Ce,, (fe,,) = Z ce(fe,)-

ecem

If e,, = 0 holds for an m, the cost on the corresponding edge é,, reduces
to cg,, (fém) =0.

Definition 2.12. We call the game based on the standard network G(n) the
path player game in standard form.

Next, we describe how the flow changes because of the transformation to
standard form. In particular, the flow on the paths stays the same, but as the
edges have been transformed, the flow on the edges is adjusted. Moreover, we
prove that the benefit, and thus the equilibria, are not changed.
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Definition 2.13. The flow in a path player game in standard form is given

by
fp=1TpP
Lemma 2.14. For a path player game in standard form, the flow on an edge
is given by
few =Y fp.
Pem
Proof.

fen= Y Tp=>_Fs=> Ir O

p:émep Pem Pem
Note that fo = > p..cp fp = fe, holds for all e € e,,.

Lemma 2.15. Consider a path player game I" on a network G = (V, E) with
n players. The corresponding path player game in standard form is equivalent
to I

Proof. In the standard network it holds for each player P:

cp(f) = ¢, (fe)
émepP
= > cenfe)= Y, D celfe) (2.2)
m:PeEm m:PEm e€em
= celfe) = cp(f).
eeP

All other components of the benefit function, such as security limit and pay-
ment, flow rate and infeasibility penalty, are not dependent on the edges e.
Hence, the benefit bp(f) is not changed by the modification. O

Example 2.16. For the game presented in Example 2.7 on page 15, the stan-
dard network G(3) and the corresponding cost functions are illustrated in
Figure 2.3.

ce(fe) = fe Ce(fel:feJFfe5 Ce(fe):fe/2

ce(fe) = fe+1 “P) Po) E{Pa}

EPuPaPy — A — A — A
R S 2 U 2 ¢

€{P,,P3) €(Py,Ps) e{P1Py)

ce(fe) =0 ce(fe) =0 celfe) = f3

Fig. 2.3. Standard network G(3) for Example 2.16.
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2.2 Equilibria in Path Player Games

2.2.1 Introduction

In this section, we analyze equilibria in path player games with a general
benefit function and for special instances of benefit functions. Our definition of
an equilibrium follows the definition of an equilibrium in the sense of Nash (see
e.g., [Owe95]). An equilibrium is a game situation where none of the players
is able to obtain a better outcome by unilaterally changing her strategy. In
other words, assuming that competitors keep their current strategies, a player
will not be able to improve her benefit. Hence, in an equilibrium none of the
players has a reason to change the chosen strategy. This situation characterizes
a stable state of the system.

Subsequent to this introduction, we define in Section 2.2.2 the best re-
action set for the players P and other notations required for the analysis of
equilibria. We consider equilibria with respect to feasible and infeasible flows
in Section 2.2.3. The existence of feasible equilibria is proved by a fixed-point
argument. The presented existence proof induces even the existence of feasible
equilibria in pure strategies (see Remark 2.27). Infeasible equilibria exist and
their characteristics are given below.

We present special instances of path player games and describe their prop-
erties in Section 2.2.4. For these types of games, including special benefit
functions, we obtain more results about equilibria in Section 2.2.5.

2.2.2 The One-Dimensional Benefit Function

For determining equilibria in the path player game, we take into account
the reasoning of the players. We consider the benefit of a single player who
only has the possibility to change his own strategy, whereas the strategies
of the competitors are fixed. The single player has to solve a one-dimensional
optimization problem, depending on the flow fp. For this purpose, it is helpful
to define a one-dimensional benefit function for each player P.

We first consider the cost function cp(f), as it is the most important
element of the benefit. We define f_p € RIPI=1 by deleting the component fp
from f belonging to path P. If we just want to consider the influence of fp,
we fix the strategies f_p of the competitors and analyze the cost depending

on fp.

Definition 2.17. The one-dimensional cost function assigned to a player P €
P for a given flow f_p and for fp > 0 is denoted by

ép(fr)=cp(f-p,fr) = cc | fr+ > /P,

eeP PreP\{P}:ecPy
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The one-dimensional cost function ép(fp) only depends on the one-
dimensional fp once f_p is fixed. The term

> fn

PLeP\{P}:ec Py
is constant for fixed f_p.

Lemma 2.18. If c.(f.) is a convex (concave) function, then ¢p(fp) is also a
conver (concave) function.

Proof. The proof is done for convex functions. The statement for concave
functions can be shown analogously by using the fact that a function — f(x)
is convex if f(x) is concave.

Let ce(x) be a convex function and consider the constant C. p € R. It
holds that c.(z + Ce p) is a convex function. It can be shown that the sum of
convex functions is again a convex function, such that ) . p ce(z + Ce p) is
also convex in z. It follows immediately that ép(fp) is a convex function. O

If the strategies of all players (except P) are fixed, we introduce the fol-
lowing.

Definition 2.19. The one-dimensional benefit for a player P and a flow fp >
0 with respect to a given flow f_p is denoted by

be(fp) =bp(f_p, fp).

The main difference from the benefit function introduced in Definition 2.4
is that Bp(fp) depends on a scalar fp and not on a vector f. The one-
dimensional benefit shows the player what she is able to achieve in the current
situation if all other players keep their chosen strategies.

Definition 2.20. The decision limit of player P with respect to a given flow
f_p is denoted by
dp(f-p)=1— Z TP

PLeP\{P}

If no confusion regarding the chosen f_p arises, we denote the decision limit
just by dp. The interval [0,dp] is called the decision interval of player P.

The decision interval indicates the set of feasible strategies for P. Player
P is allowed to choose any nonnegative value for fp, but he should choose
from [0,dp] as for larger values the system will fall into infeasibility and he
will get a penalty of —M.

From the definition of the decision limit we obtain the next corollary.

Corollary 2.21. Any flow f satisfies

HP;Qprk:dp,C = VPEPpr:dp.
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Using the one-dimensional cost function ép(fp) defined above and the
decision limit dp, the following corollary describes the one-dimensional benefit
function in more detail.

Corollary 2.22. In a path player game and for a given flow f_p, the one-
dimensional benefit for a player P and for fp >0 is

cp(fp) if fp<dp AN fp>wp
bp(fp) =4 kp if fp<dp A fp<wp .
-M if fp>dp

Figure 2.4 illustrates an example for a one-dimensional benefit function.
The function b p(fp) is characterized by three parts: the two constant regions
generated by the security payment kp, the infeasibility penalty —M, and
the middle part, created by the cost function ¢p. As each player will try to
maximize his benefit, the next definition is useful.

bp(fp)
A
1
1
1
1
1
1
1
|
Kp A——L |
|
|
: ! > fpr
wp B dp
M4 >

Fig. 2.4. One-dimensional benefit function.

Definition 2.23. Given a flow f_p, the best reaction set for a player P is

2 (fop) = {fp > 0: fp maximizes Bp(fp)} .

If no confusion regarding the chosen f_p arises, we denote the best reaction
set by fpo*.

The set fp** indicates the flows that will maximize player P’s benefit if
the other players choose to play f_p. Thus, if player P chooses a flow from
max

5%, she chooses a best reaction to the actions of her competitors. The next
lemma gives a sufficient condition to ensure nonemptiness of this set.
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Lemma 2.24. Consider a path player game with cost functions c. being con-
tinuous for all edges e € E. Then, the sets fp** are nonempty for all P € P.

Proof. Consider the intervals I1 = [0,wp), I = [wp,dp], and Is = (dp,00).
Because Bp( fp) is constant on I; and I3, maxima exist for these intervals.
The existence of a maximum on I is confirmed by the Weierstrass extreme
value theorem because bp(fp) is continuous on Iy and I is compact. The
maximum of these three single maxima hence is the overall maximum. ad

As we assume in general having continuous cost functions, the lemma holds
for all game instances observed in this text.

Remark 2.25. In our game, we assume having continuous costs. Otherwise,
for noncontinuous cost functions c., we could not guarantee the existence of a
benefit maximizing flow. We can easily construct instances where the jump of
the function allows only determining a supremum, but not a maximum; see,
for instance, Figure 2.5.

I i > fp
wp dp
)
Fig. 2.5. Best reaction set fp** is empty.

2.2.3 Equilibria for General Benefits and Existence of Equilibria

After modeling the benefit of the single player in a game situation by the
one-dimensional benefit, we are now able to define equilibria in a path player
game.

Definition 2.26. In a path player game a flow f* is an equilibrium if and
only if for all players P € P and for all fp > 0 the following holds,

be(fip, fp) > bp(fip, fP).
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Remark 2.27. The definition of an equilibrium in path player games is given
for the choice of pure strategies. To choose a pure strategy means that a
player P decides for a determined strategy fp € R,. In contrast, consider-
ing mized strategies means that a player chooses a probability distribution
over his strategy set. As a result of playing mixed strategies, expected pay-
offs, or expected benefits, are obtained. Mixed strategies are of relevance,
for example, in finite n-person games, where mixed-strategy equilibria do ex-
ist, but equilibria in pure strategies are not given in general; see [Owe95].
We do not consider mixed strategies in this analysis. Later on, we prove the
existence of pure-strategy equilibria, which supports the restriction to pure
strategies.

According to this definition, an equilibrium is a state where no player can
obtain a better outcome by changing her strategy, if the competitors stay with
their chosen strategy. An equilibrium is a stable state in which none of the
selfish users has an incentive to change behavior. Although this state is stable
it is not necessarily a good solution for the players. It may be possible to find
other solutions, equilibria and even nonequilibria, that are better for some
players, without being worse for any player. We call such equilibria dominated
and investigate this aspect in more detail in Section 2.3.

Best reaction sets are useful for a different characterization of equilibria.
A flow is an equilibrium if each player chooses a best reaction strategy to the
strategies of his opponents.

Corollary 2.28. In a path player game a flow f* is an equilibrium if and
only if for all P € P with respect to f* p it holds that

fp e P (fp)-

Proof. Assume that f} is in fR**(f*p) for all P € P.

< fpe{fp >0: fp maximizes Bp(fp)} VPeP

& bp(fp) > be(fr) YPEPAY fp>0
S bp(fip, fp) = bp(fip, fP) VPEPAVY fp>0
& f* is an equilibrium. ad

In path player games two types of equilibria are distinguished: equilibria
flows that are feasible and those that are infeasible. These two variants are
discussed in the following paragraphs.

Feasible Equilibria

In this section, we define feasible equilibria and prove their existence for games
with continuous cost functions.
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Definition 2.29. In a path player game, a flow f* is called a feasible equi-
librium if f* is a feasible flow and an equilibrium.

The next corollary follows immediately from the definition of an equilib-
rium (Definition 2.26).

Corollary 2.30. A flow f* is a feasible equilibrium in a path player game if
and only if f* is feasible and for all paths P in P and for all fp < dp it holds
that

be(fp) > be(fp).

For infinite games with continuous benefits it is known that there ex-
ist equilibria in mixed strategies (see Remark 2.27) if the strategy spaces
are nonempty and compact. Even more, if we assume continuous and quasi-
concave benefit functions, there exist pure strategy equilibria (see [FT91]). In
our game, we cannot assume continuous benefit functions, but we have benefit
functions where we can guarantee a nonempty best reaction set fp**. This al-
lows us to prove the existence of an equilibrium according to Definition 2.26,
that is, an equilibrium in pure strategies.> We can even show that there is
always a feasible equilibrium. Let

F:{feRf:prgr} (2.3)

PcP
be the set of feasible flows f. Note that I is closed, bounded, and convex.

Theorem 2.31 (Existence of feasible equilibria). In a path player game
with continuous cost functions c. for all edges e € F, a feasible equilibrium
erists.

Proof. Consider the closed, bounded, and convex set of feasible flows F. Fur-
thermore, consider the mapping f' = T'(f) with the components fp = t(fp)
given by

: mo__ . p—fr . ; m
f]ls - mln{fp IP; ZPkeP:ka<f'}'£;c (5, —1ry) d} if fp<fp ,
B —1re if fp = fp
(2.4)

where f7' = min{fp**} is chosen as the smallest flow that is benefit maxi-
mizing* and d =r — Y pep [P is the remaining flow that can be distributed
among the players maintaining feasibility. Note that it holds for all P € P
that

3 We do not stress the fact that an equilibrium is in pure strategies any more, as
we are considering only pure strategy equilibria in this analysis, which is also
reflected by our definition of an equilibrium (Definition 2.26).

4 Note that the proof would also hold for a different definition of choosing fr' €

5%, as long as fp' is well defined.
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d=dp— fp>0.

Note furthermore that, by Lemma 2.24, f7' exists and, by definition of f3'?*,
it holds that
0<fp<dp=r— > [p. (2.5)
P,eP\{P}

(See page 27 for a visualization and interpretation of the mapping 7.) In the
following we prove that 7' is a continuous mapping of F into itself. Then, by
Brouwer’s fixed point theorem, a fixed point f = T'(f) exists in F. Finally, we
show that each fixed point in F represents an equilibrium. In this way, we are
able to guarantee the existence of a feasible equilibrium.

Part (a) T:F — F.

Denote the sets Py = {P € P: fp < fi}and P, ={P € P : fp > [P}
Then:

>0
>0 >
20 | minq f7— fps IE—Ir Ay if fp< fm
="+ > peer B~ Fr)
B —fp if fo > £
>—fp
= fp>0VPeP. (2.6)

p= min{ fB — fp; fr' = Ip .
pr— Z <fP+ {fp fP7ZPke7>l Ti — 7o) d})

PeP PePy

+ > (fp+ 1P - fp)

PEPy

<0

+ Z (fe'—fr)

PePy

fBr—1rfe .
SDDREAD DY e gy oy B

PeP PePy

=Y fp+d=> fr+r—> fr

PeP PeP PeP

=T
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As from (2.6) and ) p.p fp <7 we obtain f' € F.
Part (b) T'(f) is continuous.

Consider the following cases.

i) fp>fF
fp=FfEY fp> fp; that is, t(fp) is continuous.
(ii) fp=fp+0
fp = fp for fp = fp + 0; tht is, t(fp) is upper semicontinuous at
fp=fp+0.
(iii) fp < fP'
Counsider ¢g(f) = f — fp and

_ /P — fp
ZPkePI (fg;; - ka)

The functions g(f) and h(f) are continuous and so the minimum of
both functions is continuous too. It follows that ¢(fp) with fp = fp +
min {g(f); h(f)} is a continuous mapping.

() fp= 5 -0
Consider the marginal value of the mapping that we take for each flow f
where fp — fp' —0:

-d.

h(f)

>0
I —0 = 20
lim 7;+min = fp; ¢ — fe ? =B
P ) ! —JP:
f:fp—fp—=0 >per (B — fp)

Thus, t(fp) is lower semicontinuous at fp = f3' — 0.
Hence, T is continuous.
Part (c) f =T(f) = f is an equilibrium.

Consider the mapping (2.4) and rewrite it as fp = fp + Kp, where Kp
substitutes the parenthesis. From f = T'(f) follows fj, = fp and thus Kp =0
for all P € P. Consider two cases:

(i) fp<fF
As Kp =0 and f} — fp > 0 it follows that d = 0 has to hold. From (2.5)
we get:

Ozd:erfPZsz*fP =  fp>fp,

pPeP

which contradicts the assumption; that is, AP : fp < B
(i) fp > fp
From Kp = 0 we obtain fp' — fp = 0. It follows that fp = fp' € fp™*.

We conclude that fp € fp** V P € P; that is, f is an equilibrium. O
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Note that Nash’s proof of the existence of a mixed strategy equilibrium
in finite games (see [Nasb0]) also uses a fixed-point argument, but with a
different mapping 7'(f). Two more versions of existence proofs are presented in
Theorem 2.103 (page 73) and Theorem 2.118 (page 84), where further results
about potential functions in path player games allow different approaches to
prove the existence of equilibria.

Figures 2.6 and 2.7 illustrate the mapping 7". The mapping can be inter-
preted as a simple auction where the players bid the flow they want to route
over their path. In particular, each player asks to receive the flow f7'. Then,
each player receives a flow f} which depends on all bids and on the amount of
flow that can be distributed without exceeding the flow rate r. If the current
flow of a player P is greater than or equal to fp', then she is given exactly
fp = [p, as reducing flow will not violate the flow rate. If fp < f7 holds
(i.e., P will ask for a larger flow), we have to distinguish two cases. The first
case is illustrated in Figure 2.6. Here,

S R —fr)>d

PrLePy

holds; that is, the players want to increase their flow, but ask for more flow
than available. In this case the flow rate would be violated if each player
received his bid. Hence, each player receives a fraction of d proportional to his
bid and smaller than his bid. In the second case, the sum of the players’ bids
does not exceed 1: > p p (fp, — fp,) < d. Each player will receive exactly
his bid, which is illustrated in Figure 2.7.
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l
# > fp

> fp
IP &
Fig. 2.6. Players receive flow smaller Fig. 2.7. Players receive exact bids

than bids. as flow.
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Infeasible Equilibria

In the course of this text we concentrate on feasible equilibria. Nevertheless,
in a path player game it is possible that an infeasible flow is an equilibrium.
Analogously to Definition 2.29 we call such a flow an infeasible equilibrium.
An infeasible flow f is an infeasible equilibrium if for each player P € P the
following holds: f will stay infeasible, even when any P € P decides to send a
zero-flow. That means none of the players has the chance to create a feasible
flow by acting unilaterally. As nobody can improve the benefit on his own,
the observed flow is an equilibrium. In this case all players P € P will be
confronted with a constant benefit function b p(fp) =—M for all fp > 0. So
the best reaction set will be fE** = [0,00) for all P and the condition of an
equilibrium described in Lemma 2.28 is satisfied. In the case of infeasibility,

> fn>r
PLeP\{P}
holds for all paths P € P. Thus, for the decision limit
dp=r— Y fpn <0
P eP\{P}

will hold for all players P € P. The decision intervals are then empty for all
players.

The following lemma provides a complete characterization of infeasible
equilibria.

Lemma 2.32. In a path player game a flow f is an infeasible equilibrium if
and only if for all paths P in P the following is satisfied.

> r+max fp.
>tz +max fp
PeP

Proof.
Part (a) Y ,cp fp > 7+ maxpep fp = f is an infeasible equilibrium.

Consider a flow f such that Zpep fp > r+ maxpep fp holds. This flow is
infeasible due to maxpep fp > 0. In addition for all paths P in P the following

is true.
dp=r= > In

PLeP\{P}

r(Z fpkfp>

PreP

>r

<r— (Z [P, —glg;;#)

PreP
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<0

= bp(fp) =MV fp

= [ = [0, 00).

We conclude that fp € fp** V P € P and hence, f is an equilibrium.

Part (b) f is an infeasible equilibrium = 5 p fp > 7 + maxpep fp.
Consider a flow f such that

> fp>r and fp e fpV PeP;
PeP

that is, f is an infeasible equilibrium. Assume that the claim is not true; that
is,

Z fp<r +glg7g<fp.

repP

Let P be such that maxpcp fp = fp. Then,

<r
dp=r- Zfp:r—<2fp—fp>=T—<pr—gl§7§fp>
PeP\{P} PP PEP
=dp >0
=3 f5:bp(fh) > —M
= fp ¢ 1B,
which contradicts the assumption and thus the claim follows. ]

As a result of the lemma just proved, for path player games, infinitely
many infeasible equilibria exist.
2.2.4 Special Instances of Path Player Games

Path-Disjoint Network

Definition 2.33. A set of paths P is called disjoint if for all pairs Py, Py € P
with Py # Py it holds that Py N Py = (). We call a network path-disjoint if the
set P of all paths from s to t is disjoint.

Corollary 2.34. In a path-disjoint network it holds for all P € P that

cp(f) =cp(f-p,fP) =cp( -, fP);

that is, cp(f) depends only on fp and is independent of f_p.
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Proof. As each edge is contained in not more than one path, the following
holds.

cp(f) =Y celfe) =) c ( > fp) =Y clfp)=cp(-.fp). O

ecP ecP P:eeP ecP

Cost functions c¢p with ¢p(f) = cp( -, fp) are also known as separable
functions (e.g., see [GY99]).

Corollary 2.35. A path-disjoint network with n paths Py, ..., P, connecting
the source s and the sink t can be reduced to a simpler network with n parallel
edges e1,. .., e, connecting s and t with ¢, (fe,) = cp,(f) foralli=1,...,n.

Proof. Tt holds that

CPi(f) :CPi( ’ ’fPi,) = Zce(fpi)'

ecP

Choose ¢e, = > cp ce(fp,) and the corollary follows. O

Trivial Games

Definition 2.36. We call a path player game with flow rate r and security
limits wp trivial, if
Z wp >

holds, and nontrivial otherwise.

In trivial games, it is possible that in a situation where the complete
flow rate r is used (i.e., > pcp fp = 7) all players have made use of the
security payment by setting fp < wp. In a nontrivial game there will be
at least one player who is able to route a flow greater than or equal to
wp without destroying feasibility. This observation is stated in the following
lemma.

Lemma 2.37. In a nontrivial path player game for any given feasible flow f
there exists at least one P € P such that dp > wp.

Proof. Consider a nontrivial path player game; that is, > p.pwp <7 and a
given feasible flow f. It holds for all P € P that

dp =r— Y fm=r—Y fe+fr

PLeP\{P} PpeP

= Y.pepdp =|P|-7— [P ZfP+ZfP

Pep PeP
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=[Pl-r=(PI=1)->_ fp

PecP
>0
=r+(P[-1)- (T—pr>
Pep
= Z dp >r > Z wp
pPeP pPeP
= dPeP:dp > wp. 0

Nontriviality will be required to prove a necessary and sufficient condition
for equilibria in games with strictly increasing costs; see Theorem 2.46.

Noncompensative Security Property

Definition 2.38. A path player game is called a game with the noncompen-
sative security (NCS) property if for all paths P € P and for all flows f_p
with dp > wp it holds that

3 fp>wp such that Ep(fp) > Kp.

In games with the NCS property, the benefit functions prevent any player P
from choosing the security payment xp when a flow fp > wp is possible. If
a player has the possibility to earn benefit by receiving income by his “pro-
ductivity” (i.e., by getting income from the cost function c¢p), he should have
no reason to take advantage of the security limit. The security payment shall
only be used if the player has no other choice due to the strategies of his
competitors (i.e., if dp < wp). The NCS property is an important attribute
of games as it will enable the characterization of equilibria in the context of
strictly increasing cost functions; see Section 2.2.5.

Note that as we assume nonnegative costs, a game where kp < 0 holds for
all P in P will satisfy the NCS property. In all other cases, to identify a game
with the NCS property the following definition is helpful.

Definition 2.39. A benefit function bp(f) with wp < r has the noncompen-
sative security (NCS) property if

rp < CP(O,...,O,UJP,O7...,O) = CP(O,p,wP)

holds.

The value of kp is sufficiently small such that a player on an underloaded
path gets a benefit lower than the income she would get if she were able to
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route a flow of value wp over that path, if no other player routes anything.
Again, the idea is that no player should have an incentive to choose her path
to be underloaded while she could be able to route a flow fp > wp.

To illustrate benefit functions with the NCS property, consider a benefit
function bp(f), where all players apart from P are routing a zero-flow; that
is, bp(f) = bp(0_p, fp). A function bp(f) such as that shown in Figure 2.8

bp (0, fp) bp(0, fp)
A
< <
i | > fr I I > fp
wp dp wp dp
— —
Fig. 2.8. No NCS property. Fig. 2.9. NCS property.

does not satisfy the NCS property as the player P will choose the security
payment instead of the income obtained by routing wp. In general, this does
not mean that the player will always prefer the benefit xp. It may happen
(as in this illustration) that there is a flow fp > wp with bp(0_p, fp) > kp.
But, for a benefit function without the NCS property, we cannot guarantee
that there will be a flow fp that provides a higher benefit than xp.
However, for a benefit function without the NCS property, we cannot guar-
antee that there will be a flow fp that provides a higher benefit than kp. On
the contrary, a benefit function such as the one shown in Figure 2.9 allows
the player to obtain a benefit higher than xp when routing fp = wp.
Consider the relation between games with the NCS property and benefit
functions with the NCS property. Unfortunately, a game that includes func-
tions with the NCS property is not necessarily a game with the NCS property.
Consider a path P with dp > wp, whose benefit functions satisfy the NCS
property. It does not necessarily hold that P is in any case able to obtain a
benefit greater than xp. If this player P shares an edge e with other players,
and if e has a cost function with decreasing regions, it may happen that the
additional flow on e, produced by the competitors, decreases the benefit of
player P. So it can happen that the benefit may be smaller than the benefit
P would get if he were the only one sending flow. In particular the benefit
bp(wp) could get smaller than or equal to kp for flows fp > wp; that is, the
game does not satisfy the NCS property. We call this effect of influencing the
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benefit of the competitors the edge-sharing effect and analyse it in more detail
in Section 2.2.4. Note that in this situation, kp satisfies the purpose of being
a security payment, as it helps player P to escape the harmful behavior of
competitors.

Nevertheless, both previous definitions are related and we investigate how
benefit functions with the NCS property induce games with the NCS property.
The following lemmas ensure sufficient conditions such that the NCS prop-
erty of benefit functions characterizes games with the NCS property, which is
important for the characterization of equilibria.

Lemma 2.40. Consider a path player game with cost functions c. that are
monotonically increasing for all edges e € E and benefit functions Ep(fp)
that satisfy the NCS property for all paths P € P. Such a game is a game
with the NCS property.

Proof. Consider a path P € P and a flow f_p with dp > wp. By the concept
of the benefit function, for all fp € [wp,dp] we get that

be (fp) = ép(fp)

= Zce fP+ Z ka (27)

eeP PLeP\{P}:ec Py

> e |wpt > 0 (2.8)
ecP PreP\{P}:ee Py,

=cp (0_p,wP) > Kp. (29)

Condition (2.7) holds due to the definition of ¢p(f), and (2.8) holds because of
the monotonically increasing cost functions c.. Finally, (2.9) is true as bp(f)
satisfies NCS property.

We conclude that Z)p( fp) > kp for all P € P and for all feasible f with
fp > wp and thus the game has the NCS property. a

Lemma 2.41. Consider a path player game on a path-disjoint network G.
Furthermore, let the benefit functions bp(f) satisfy the NCS property for all
paths P € P. Such a game is a game with the NCS property.

Proof. Consider a path P € P and a flow f_p with dp > wp and set fp = wp.
As the resulting flow f is feasible, it holds that

bp(fr) = ép(fp)
= Cp(O_p,fP) > RKp. (2.10)

Note that (2.10) holds because G is path-disjoint (see Corollary 2.34) and as
bp(f) has the NCS property. Hence, the lemma follows. O
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Definition 2.42. We denote the set of exclusively used edges of player P by
Ep¢={e:e€ P AN e¢ P,V P, # P}.

The following lemma does not require benefit functions with the NCS
property, but a similar condition for at least one edge in each path, to obtain
a game with the NCS property.

Lemma 2.43. A path player game where each path P satisfies that the set of
exclusively used edges ES° is nonempty, satisfies the NCS property if

Z ce(wp) > Kkp V P €P.

cEEE®

Proof. For a flow f consider any path P with dp > wp and the corresponding
flow f_p. Set fp = wp; that is, the resulting flow is feasible. Then, we obtain
that

bp(fp) = ép(wp)

>Kp >0
—~
= Z Ce(wP)+ Z Ce(fe) > Kp,
e€Ege e€ P\ Egxe
and thus the lemma follows. O

The Edge-Sharing Effect

In a path player game with a general network topology paths may share
edges. The cost of a common edge e is dependent on the flow f. which can
be described as the sum of flows on paths that contain e: fo = > p. cp [P
The cost function ¢, may contain decreasing regions, so it can happen that
increasing flow decreases benefit. Here increasing flow on a path containing
that edge only makes sense if this loss is compensated by increased benefits
on other edges along that path. Hence it is possible that some of the players
sharing edge e have incentive to raise the flow f, even if edge e induces a loss.
For instance see Figure 2.10, where P, would accept a decreasing income from
edge e, as this loss is compensated by the remaining edges. At the same time,
P, does not want to increase f. too much, as at a certain point his benefit
bp(f) will decrease. Nevertheless, Py cannot avoid that P; increases the flow;
that is, he is forced into a situation where sending flow can create loss. Here a
positive security limit together with a positive security payment can help the
second player, as then her benefit need not fall below the security payment.
In this case the security payment serves as protection against the harmful
behavior of competitors.

The edge-sharing effect plays an important role for the NCS property of
games (see Section 2.2.4). Even if all the benefit functions of the game satisfy
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Fig. 2.10. Edge-sharing effect.

the NCS property, the edge-sharing effect can destroy the NCS property of the
game. This is true as the NCS property for a path has been defined for a flow
[ =1(0_p, fp). For aflow f_p = 0_p it is possible that there is no fp > wp
which allows bp(fp) > kp. Hence, the NCS property does not have to hold.
Nevertheless, as we have already proved in Lemmas 2.40 and 2.41, the NCS
property of a game may follow from benefit functions with the NCS property
if additional assumptions are required which prevent the edge-sharing effect.

Clearly, the edge-sharing effect cannot take place if the observed network
is path-disjoint. Also, the edge-sharing effect does not occur if we assume
monotonically increasing cost functions on all edges e € E because in this
case it will never happen that increasing flow causes a decrease of benefit,
which is the main property of the edge-sharing effect. Finally, the harmful
influence of the edge-sharing effect can be softened if each player owns at least
one edge exclusively and if this exclusive edge earns “enough” income. The
income of the exclusive edge will not be reduced by the edge-sharing effect. As
we have assumed c.(f.) >0V fp > 0, none of the edges can deliver negative
income. This approach is used in Lemma 2.43 to ensure a game with the NCS
property. In general, although the edge-sharing effect may be harmful for a
player, it will never create negative costs, as the cost functions are assumed
to be nonnegative for all nonnegative flow.

2.2.5 Equilibria for Special Cost Functions

In this section, we present characterizations of equilibria under special assump-
tions on the cost functions. If we assume strictly increasing cost functions on
all edges, we obtain a necessary condition for equilibria and even a necessary
and sufficient condition if the game has in addition the NCS property or if
we consider a game with no security limit. Assuming differentiable costs we
find a necessary condition that will also become a sufficient condition in the
case of differentiable and concave functions in a game with no security limit.
Finally, for convex costs we determine a dominating strategy set.
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Strictly Increasing Cost Functions

We assume the cost functions ¢, to be strictly increasing on all edges e € E.
Furthermore, to obtain some of the results, we require no security limit; that
is, we set the security limit wp = 0 for all paths P € P. The next proposition
is useful for the proofs in this section.

Proposition 2.44. Consider a path player game with strictly increasing cost
Junctions c.. Then the one-dimensional benefit functions bp(fp) are also
strictly increasing for fp € [wp,dp].

The proof of this proposition is based on the fact that ép(fp) is a sum of
strictly increasing functions c.(fp+>_p, eP\(P} fp,) and so it is again strictly
increasing.

Assuming wp to be equal to zero, the benefit function and the one-
dimensional benefit functions take the following simplified form that will
appear every time we require no security limit (see page 44 for the case of
differentiable and concave costs and page 46 for convex cost functions).

_ cp(f) if ZPGP fp<r
bp(f) = {_M S fp ot (2.11)
- cp(fp) if fp<dp
bp(fp) = {_M oy (2.12)

Figure 2.11 illustrates a benefit function with a strictly increasing cost function
and wp = 0. The following theorem states that in this case each flow that uses
the complete flow rate r is an equilibrium and that there exist no other feasible
equilibria for this kind of instance.

bp(fp)
A

Fig. 2.11. Strictly increasing cost function and no security limit.
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Theorem 2.45. In a path player game with strictly increasing cost functions
ce on all edges e € E and security limit wp = 0 for all P € P, a flow f is a
feasible equilibrium if and only if

Y fp=r

PeP

Proof.
Part (a) f equilibrium = ), p fp = 7.

Let f be a feasible equilibrium and assume that », p fp < 7.
= fp<dpVPeP
= bp(fp) <bp(fp+e)Vee (0,dp—fp, VPEP (2.13)
= fr & fB*(f-P),

(i.e., f is not an equilibrium) and hence,

d fp=r

PeP

Note that (2.13) follows because by Proposition 2.44, bp(fp) is for all P in P
and for all fp € [wp,dp] strictly increasing in fp.

Part (b) > pcp fp =1 = f equilibrium.

As Y pep fp =7 holds, it implies that fp = dp for all P € P. Furthermore,
for all e € E, é.(f.) is a strictly increasing function, thus Ep(fp) is strictly
increasing over [0,dp] by Proposition 2.44 and fp € fp*(f_p) V P € P.
Hence, by Corollary 2.28, f is an equilibrium. ad

Next, we investigate situations where we cannot assume wp = 0 for all
paths P € P. In this case, it could happen that a player will prefer to set her
flow fp smaller than the security limit wp if kp is higher than bp(dp). Thus,
the sufficient and necessary condition of Theorem 2.45 does not hold any more.
Before we analyze this situation in general, we want to investigate in which
cases the statement of Theorem 2.45 holds in spite of a general security limit.
In fact, for strictly increasing cost functions and a general security limit it is
possible to ensure the sufficient and necessary condition from Theorem 2.45 if
we assume in addition having a nontrivial game with the NCS property (see
Definitions 2.36 and 2.38 on pages 30 and 31).

Theorem 2.46. Consider a game with strictly increasing cost functions ce on
all edges e € E. Assume that the game is nontrivial and it satisfies the NCS
property. Then a flow f is a feasible equilibrium if and only if Y pcp fP =1

Proof.
Part (a) f is a feasible equilibrium =}, 5 fp =1
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Consider a feasible equilibrium f and assume that ), p fp < 7, that is,
fp < dp for all P € P. Due to nontriviality and by Lemma 2.37 we can find
a path P such that dp > wp.

We distinguish two cases:

(i) fpzwp
= bp(dp) > bp(fp) (due to Proposition 2.44), which contradicts
f being a feasible equilibrium.

(ii) fp <wp
= 3 fp > wp such that bs(fz) > kp = bp(fp) (due to the NCS
property), which contradicts f being a feasible equilibrium.

The above implies that >, p fp =1

Part (b) > pcp fr =7 = fis a feasible equilibrium.

Consider a flow with EPGP fp =, that is, fp = dp for all P € P.
Consider the two cases:

(i) fr>wp
As there exists at least one fp > wp such that Ep(fp) > Kp
(due to the NCS property), and as bp(fp) is strictly increasing
over [wp,dp] (see Proposition 2.44), and in particular, bp(fp) >
bp(fp) > kp, it holds that f5ax = {dp}.

(11) fp < wp
As lN)p(fp) is constant over [0,wp) and dp < wp it holds that
dp € fglax.

We conclude that f is a feasible equilibrium due to fp € fp*™* VP e P. O

Unfortunately, the reverse of Theorem 2.46 does not hold. A game that
satisfies the property:

“A flow f is a feasible equilibrium if and only if ", p fp =17 (2.14)

does not have to be nontrivial nor satisfy the NCS property. For an illustration
we present the following examples.

Ezample 2.47. (2.14) # NCS property.

Consider a game on a network with two paths, as illustrated in Figure 2.12.
The flow rate is given by r = 1. On both paths the costs are cp(z) = z, but
the security limits and security payments differ: w; = k1 = 1 and wy = ko = 0.
In this game a flow f with ), 5 fp < r cannot be an equilibrium due to
fipax = {dy} for all f_5. That means player 2 would in any case use up the
remaining flow rate. On the other hand, each flow f with ), fp =7 is an
equilibrium. If )7, 5 fp = 7 holds, player 2 cannot find any better strategy
as he will always try to get as much flow as possible, whereas player 1 is also
not able to improve her payoff as her benefit function is anyway constant over
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[0, 1]. That means this game satisfies condition (2.14). Nevertheless, the game
has no NCS property. There is no f; > w; with b1(f1) > k1 and so player 1
destroys the NCS property of the game.

r=1
ca@)=z,v1=1,rk =1 r=1
w1 = 2
s t s .
co(z) =23 we =0; ke =0 wy =0
Fig. 2.12. Network of Example 2.47. Fig. 2.13. Network of Example 2.48.

Ezample 2.48. (2.14) # nontriviality.

Consider the game illustrated in Figure 2.13. The graph consists of two paths,
and we choose wy = 2 and ws = 0. The remaining components of the game,
such as cost functions and security payments, may be chosen arbitrarily, but
it is important that the cost functions are strictly increasing. With a similar
argument as in Example 2.47, it is possible to show that this game satisfies
condition (2.14). Nevertheless, the game is trivial, because ) pwp > 7.

If we consider a game with strictly increasing cost functions and a general
security limit, but cannot ensure the NCS property or the nontriviality of the
game, we are still able to provide information about equilibria for this kind
of instance.

Lemma 2.49. If a flow [ in a path player game with strictly increasing cost
functions c. on all edges e € E is a feasible equilibrium then at least one of
the following two cases holds.

(Z) ZPeP fp=r.
(i1) fp<wpV PeP.

Proof. Let f be a feasible equilibrium and assume that (¢) is not true; that
is, > pep fp <7 Then fp <dpV P cP.

Assume case (ii) is also false; that is, 3 P with fp > wp. Then gp(f%,) >
bp(fp) ¥ [5 € (fp,dp], as according to Proposition 2.44, bp(fp) is strictly
increasing over this domain. It follows that fp ¢ f3®*. This contradicts f
being an equilibrium, hence fp < wp for all P € P. ad

To illustrate Lemma 2.49 we present two examples of feasible equilibria
where (7) and (4¢) do not hold.
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Ezxample 2.50. Consider a path player game with two vertices s and ¢ that
are connected by two edges, P = {1,2}. A flow rate r = 1 has to be routed
between the two vertices. We set the security limits w; = wo = 0.5, the security
payment k1 = k2 = 1, and the cost functions cp(z) = z, P € {1,2}. The flow
f = (0.2,0.2) with b1(f) = ba(f) = 1 is an equilibrium for which (é¢) holds
and (4) is not satisfied.

FEzample 2.51. Consider the following path player game. There are two vertices
s and t connected by two edges, P = {1,2}. A flow rate » = 2 has to be routed
from s to t. Furthermore, the paths have security limits wp = 1, security
payments kp = 1, and cost functions cp(fp) =1+ fp.

The flow f = (0.5,1.5) with b,(0.5) = 1 and by(1.5) = 2.5 destroys property
(74) and (i) does hold. This flow is an equilibrium as none of the players is
able to improve the current payoff.

The following lemma provides a statement about the reverse of Lemma 2.49.

Lemma 2.52. Consider a path player game with strictly increasing cost func-
tions c.. Let f be a flow with the following properties.

(1) Xpepfr=r
(it) fp<wpV PeEP.

Then, fis a feasible equilibrium.

Proof. For all players P in P and for all € > 0, we have:
bp(fp+e)=—M <bp(fp),
bp(fp —e) = kp =bp(fp), ife < fp.
It follows that for all P € P and for all fp > 0,

bp(fp) > bp(fr)
holds, and hence f is a feasible equilibrium. a

The following two examples illustrate that a flow that satisfies only one of
the conditions (z) and (i) does not have to be an equilibrium.

Ezample 2.53. ((i) N —(ii) # [ is feasible equilibrium)
Consider a path player game with strictly increasing cost functions c.. Fur-
thermore, consider a feasible flow f such that ) 5 p fp = 7 holds and that
there exists P € P with fp > wp. It is possible to construct a game such that
bs(fp) < kp holds (see Figure 2.14) and thus, the flow f is not an equilibrium.
Set r = 1, w; = wy = 0.25, and the security payment k1 = ko = 2. For
cost functions cp(x) = « with P = {1,2} the flow f = (0.5,0.5) satisfies (4)
but not (i4). This flow with b1(f) = ba(f) = 0.5 is not an equilibrium because
pax = fimax — 10 0.25).
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by (fp) bp (fp)
A A
< <
: > — >
wp fp=dp fp wp dp
—_ —
Fig. 2.14. Bp(fp) < Kp. Fig. 2.15. Bp(fp) < Bp(dp).

Ezample 2.54. (=(i) N (ii) # [ is feasible equilibrium)

Consider a path player game with strictly increasing cost functions c.. Fur-
thermore, consider a feasible flow f such that » .., fp < 7 and fp < wp
holds for all P € P. Thus, it holds for all P that fp < dp and it is possible
to construct a game such that

3P :bp(fp) =rp < bpldp)

holds (see Figure 2.15); that is, f is not an equilibrium.

Set 7 =1, w; = ws = 0.5, and k1 = ko = 0.1. For cost functions cp(z) =
x, P ={1,2} aflow f = (0.45,0.45) with b1 (f) = ba(f) = 0.1 is no equilibrium
due to fi"™ = f3"** = 0.55.

We have found out that a feasible flow with property (i) need not be an
equilibrium. This doesn’t change if we assume having a trivial game or a game
with no NCS property.

Remark 2.55. Consider a path player game with strictly increasing cost func-
tions c.. Furthermore, consider a feasible flow f, such that

fp<wpVPeP (44)

holds. This flow is not necessarily an equilibrium even if the game is trivial
or if it does not satisfy the NCS property or both.

We present an example for proving Remark 2.55.

Example 2.56. Consider a game with two vertices s and ¢ and two edges con-
necting the vertices (P = {1, 2} on a path-disjoint network). A flow rate r =5
has to be routed from s to t. Both paths have a security limit wp = 3; that is,
the game is trivial. Furthermore, the security payment is kp = 1 for P € {1, 2}
and the cost functions are ¢;(f1) = f1 and c2(f2) = f2/10. This game does not
satisfy the NCS property because there is no fo > wo such that bo(f2) > ko.
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Consider the feasible flow f = 0jp|. The flow f satisfies (ii) and dp = r

for all P. Nevertheless, because by (d;) = 3 > b,(0) = r; = 1 this flow is not
an equilibrium.

Differentiable Cost Functions

Let the cost functions ¢, be differentiable over (0,r) for all edges e € E.
We need to define a quasi-derivative of the one-dimensional benefit function
bp(fp) over the domain [0, dp]. Because a security limit wp > 0 may cause a
jump at fp = wp we have to take care of that in the definition.

Definition 2.57. Consider a path player game with cost functions that are
differentiable over (0,7) and a given flow f_p with dp > 0. The quasi-
derivative of the one-dimensional benefit function Bp( fp) for all fp €10,dp],
is denoted by

0 if fp<wp
p(fpt) if fp=wp
p(fp—) if fp=dp

ép(fpr) otherwise

Vp(fp) =

with

Golfpt) = PUREIZCPUR)

)

~ . cp(fp+e)—cp(fp)
cp(fp=) = E—}%)Hsl<0 € ’

9 [ZSGP ce(fr+ ZPk:eePk/\Pk;éP fr.)
afp '

&p(fr) =

As the one-dimensional benefit function b p(fp) may not be differentiable
over fp € [0,dp], it is not formally correct to call the construction of Defini-
tion 2.57 a “derivative”. Nevertheless, in our context we use the term “quasi-
derivative”, as it describes very well the nature of that construction.

Lemma 2.58. Let f be a feasible equilibrium in a path player game with dif-
ferentiable cost functions c. for all e € E. Then for all P € P one of the
following three statements holds true.

(i) bp(fp) >0 A fp=dp.
(i) Vp(fP) <0 A fp=wp.
(ii7) bp(fp) =0.
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Proof.

Part (a) (7).

Consider a path P with ¥5(fp) > 0 and assume that (i) does not hold;
that is, fp < dp. As ng(fp) > 0 there is an ¢ € (0,dp — fp] such that
bp(fp +¢) > bp(fp); that is, fp ¢ f5(f_p). This contradicts the fact that
f is an equilibrium and because f is feasible, we can conclude that fp = dp.

Part (b) (7).
Consider a path P with b(fp) < 0 and assume that (i) does not hold; that
is, fp > wp. As bp(fp) < 0 an € € (0, fp — wp] can be found such that

bp(fp —€) > bp(fp); that is, fp ¢ f5*(f_p). This contradicts f being an
equilibrium and we can conclude that fp has to equal zero.

Part (c) (di1).
If (i) and (i¢) do not hold then (iii) has to hold. O

Figures 2.16 to 2.18 illustrate Lemma 2.58 for an arbitrary path P. Each
picture shows the one-dimensional benefit function bp(fp) of P. In Figure 2.16
the quasi-derivative B’P( fp) of the one-dimensional benefit function is positive
for the flow fp = dp. Figure 2.17 corresponds to case (ii). Here bp(dp) < 0
holds, and fp equals zero. If ¥5(fp) = 0 for a feasible flow f, then fp may lie
anywhere in [0, dp]. Figure 2.18 illustrates a flow fp € (0,dp).

bp(fp) bp(fp)
A
- » fr e
Frex = {dp) [ = (o) dp
— —
Fig. 2.16. b (fp) > 0. Fig. 2.17. b (fp) < 0. Fig. 2.18. b (fr) = 0.

The next corollary follows directly from Lemma 2.58.

Corollary 2.59. Let f be a feasible equilibrium in a path player game with
differentiable cost functions c. for all e € E. It holds that

fp>wp = Z)/P(fp) > 0.

Ezample 2.60. Consider a path consisting of a single edge that is not shared
with any other path; that is, ¢p(fp) = ce(fe), and choose c.(f.) = 2f. — f2.
See Figure 2.19 for an illustration of that function, where dp = 2. We choose
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wp = 0. The quasi-derivative of the one-dimensional benefit function is given
by bp(fp) = 2 — 2fp; that is, bs(fp) is nonnegative for fp € [0,1]. Hence, a
flow f with fp > 1 will never be an equilibrium.

T t T > fP
1 dp

>—

Fig. 2.19. Illustration of Example 2.60.

Differentiable and Concave Cost Functions

We now assume the cost functions ¢, to be differentiable and concave for all
e € E. From Lemma 2.18 (see pag 20) we know that in this case also ¢p(fp)
are concave functions for all P € P. This case is a particular instance of
path player games with differentiable cost functions described in the previous
paragraph and thus, Lemma 2.58 holds. If we consider games with no security
limit in addition we are in fact able to present a similar and even stronger “if
and only if” result.

We set the security limit to zero: wp = 0 for all P € P. Due to no security
limit, the benefit function and the one-dimensional benefit functions take the
form given in (2.11) and (2.12) on page 36. We use the notation of the quasi-
derivative b (fp) of the one-dimensional benefit function (see Definition 2.57).
The following lemma corresponds to Lemma 2.58 but is adjusted to a no
security limit game.

Theorem 2.61. Consider a flow f in a path player game with differentiable
and concave cost functions c. for all e € E and wp = 0 for all P € P. The
flow [ is a feasible equilibrium if and only if for all P € P one of the following
three cases is satisfied.

(i) bp(fp) >0 A fp=dp.
(it) bp(fp) <0 A fp=0.
(iii) Bp(fp) = 0.
For the proof, we need the following lemma, which proof follows from the
mean value theorem.
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Lemma 2.62. Consider a function g that is continuous over [p, g, differen-
tiable and concave over (p,q), and let g’ denote its derivative. Then

(1) ¢'(p) <0 = p mazimizes g over [p,q|, and
(1) ¢'(¢9) >0 = q mazimizes g over [p,q]

holds.

Proof.

Part (a) (i).

Assume that ¢'(p) < 0 holds. As g is differentiable and concave over (p,q),
it holds that ¢’ is monotonically decreasing over that interval (see Section
3.1.5.4 in [BS91]). That means ¢’(§) < 0 for all £ € (p,q). Due to the mean
value theorem there exists a £ € (p,x) such that g(z) = g(p) + ¢'(§)(z — p)
holds. Thus, g(x) < g(p) for all « € [p,q] and the proposition follows.

Part (b) (ii).
Can be proved analogously to part (a). O

In the following, we present the proof of Theorem 2.61.

Proof (Proof of Theorem 2.61).
Part (a) f feasible equilibrium = (i) or (it) or (iii).

Follows from Lemma 2.58.
Part (b) (i) or (ii) or (iii) = f equilibrium.

(i) Let ¥p(fp) > 0 and fp = dp. Due to Lemma 2.62, the flow fp maximizes
bp(fp) over [0,dp] and hence fp € fBax.

(i) Let Vo(fp) < 0 and fp = 0. Due to Lemma 2.62, the flow fp maximizes
bp(fp) over [0,dp] and hence fp € fpa*.

(i77) Consider a path P with ¥s(fp) = 0. As Vs(fp) = &p(fp) for fp < dp and

cp is a concave function it follows that fp is the global maximum of l;( fr)

(see Theorem 3.4.2 in [BS79]). We can conclude that fp € fE**(f_p).
O

Figures 2.20 to 2.22 illustrate the cases (i)—(¢i¢). For the last case, in which
Vo (fp) = 0 holds, the maximum in other instances may also be attained
at zero or dp. After considering path player games with differentiable and
concave cost functions and no security limit, we next let the security limit wp
be any arbitrary value.

As mentioned before, as the considered game is a special instance of a
game with differentiable cost functions (see Section 2.2.5), Lemma 2.58 holds.
That means that for a feasible equilibrium f each path P in P satisfies one
of the three conditions of Lemma 2.58.
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bp (fp) bp (fp)

» /P T : » fr :
fp=dp fp=0 dp fr dp
— >
Fig. 2.20. b (fp) > 0. Fig. 2.21. b (fp) < 0. Fig. 2.22. bV (fp) = 0.

(4)
(i)
(iti) Bp(fr) =

For games with no security limit, we have been able to prove also the
converse direction; that is, if one of the three cases holds for each P, the
considered flow is a feasible equilibrium. Unfortunately, this is not possible
for general security limits. For instance see Figure 2.23. If we set fp = wp,
case (i) holds: Vo(fp) < 0 and fp = wp. Nevertheless, the corresponding
flow f is not a feasible equilibrium, due to fp** = [0,wp).

=

]

o
>

()

Fig. 2.23. fp = wp satisfies (7).

Convex Cost Functions

We analyze the path player game with cost functions ¢, which are convex for
all e € E. Note that we do not require differentiability in this section. From
Lemma 2.18 we know that for convex cost functions, the one-dimensional ben-
efit functions bp(fp) are also convex in [wp,dp] for all P € P. Furthermore,
we set the security limit to zero: wp =0V P € P.
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The benefit function and the one-dimensional benefit function are given
by (2.11) and (2.12) on page 36.
bo(f) {CP(f) if ZPePfPST
P = . )
—M Zf ZPG’P fp >r

ép(frp) if fp<dp
-M  if fp>dp

The one-dimensional benefit function consists of a convex region created by
¢p(fp) and a constant region created by the infeasibility penalty value —M.
The next theorem presents the following result: to check whether a flow f
is an equilibrium, it is sufficient to analyze only the extreme points of the
decision intervals [0, dp] (see Definition 2.20) for all paths P.

bp(fr) Z{

Theorem 2.63. In a path player game with convex cost functions c. on all
edges e € E and a security limit wp = 0 for all paths P € P, a feasible flow
f* is a feasible equilibrium if and only if all paths P in P satisfy

bp(f5) = be(fp) ¥V fr € {0;dp}. (2.15)
Proof.
Part (a) f is a feasible equilibrium = (2.15).

Let f* be a feasible equilibrium. It follows directly from Definition 2.26 that
for all P in P it holds that

bp(f) = bp(fp) Y fp € [0,dp).

Hence, bp(f3) > bp(fp) ¥ fp € {0;dp}.

Part (b) (2.15) = f is a feasible equilibrium.

Let all P in P satisfy that bp(f3) > bp(fp) ¥ fr € {0;dp}.

As ¢p(fp) is convex and bp(fp) = ¢p(fp) for fp < dp, we can conclude that

a maximum of bp(fp) is attained at least at one extreme point (fp = 0 or
fp = dp) of the decision interval (see [BS79], Theorem 3.4.6). As

bp(fp) = bp(fp) for fr e {0;dp}

SN 5
= bp(fp) > opax, bp(fpr)

= fp € [P (fp). O

By Theorem 2.63, there exist equilibria in the described game such that
the flows are chosen among the extreme points of the decision interval. If a cost
function is convex but not strictly convex, a constant array of that function
may enable equilibria with fp ¢ {0,dp} and bp(fp) = max {bp(0);bp(dp)}.
In these cases the function bp(fp) is constant for fp € [0, dp]; the next result
verifies this statement.
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Lemma 2.64. Consider a path player game with convexr cost functions ce
and a feasible equilibrium f*. If there is a P such that fj ¢ {0;dp}, then the
function bp(fp) is constant for fp € [0,dp].

Proof. Consider the function bp(fp) being convex over [0, dp] and the flow
fp € (0,dp). As f* is a feasible equilibrium it holds that bp(ff) =

max{l;p(());l;p(dp)}. Without loss of generality let it hold that bp(0) >
bp(dp) and thus bp(f5) = bp(0). For fp € (f5,dp] choose X such that

fh=A0+ (1= A)fp
= bp(fp) < Abp(0) + (1 - N)bp(fp).
Suppose bp(fp) < be(f}),
= bp(fp) £ Abp(f3) + (L= Nbp(fp) = bp(f7).

which is a contradiction and thus it follows that there is no fp > fj such
that bp(fp) < bp(f5). As f5 € f2 it holds that bp(fp) = bp(f}) for all
fp > fp, in particular bp(dp) = bp(f5). As bp(f5) = bp(0) holds, all flows
fp < f3 satisfy bp(fp) = bp(f}5) and the claim follows. O

If we assume in addition the cost functions to be strictly convex, we can
improve the result stating that all equilibria will take place at the extreme
points of the decision intervals:

Lemma 2.65. If f is a feasible equilibrium in a path player game with strictly
convex cost functions c. on all edges e € E and a security limit wp = 0 for
all paths P € P then for all P in P,

fre{0;dp}.

Proof. Let f be a feasible equilibrium. As Bp(fp) = ¢p(fp) for fp < dp
and ¢p(fp) is strictly convex it follows that f3** C {0,dp}. As f is a flow,
fr € fE™(f-p) C{0;dp}. O

Consider Figures 2.24 and 2.25. The left one illustrates a strictly convex
cost function. In this case, an equilibrium will always provide a flow fp €
{0,dp}. In a convex but not strictly convex cost function it is possible that
an equilibrium creates a flow fp ¢ {0,dp}, such as illustrated in Figure 2.25.
In fact, this will only happen in functions that are constant over [0,dp]|, as
Lemma 2.64 has already shown.

We have stated in Corollary 2.21 that if there exists a P with fp = dp
then this equation holds for all P in P. Using that observation we present the
following corollary.
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b (fr) bp(fr)
A A
I > /r — » fp
dp frdp
> —
Fig. 2.24. Strictly convex costs. Fig. 2.25. Convex costs.

Corollary 2.66. Let f* be a feasible equilibrium in a path player game with
strictly convex cost functions c. on all edges e € E and a security limit wp = 0
for all paths P € P. If there is a path P with f; = 0 and dp > 0 then

f* :0|7>‘.
Proof. Assume 3 P € P : I5=0 A dp>0;that is dp # f5

=PPcP:fp=dp (2.16)
= fp<dpVPeP (2.17)
= fp=0VPeP. (2.18)
Statement (2.16) follows from Corollary 2.21, and (2.17) holds as f* is feasible.
Finally, (2.18) follows from Lemma 2.65. O

The corollary describes a property of path player games with strictly con-
vex cost functions. If there is only one player who wants to set a positive
flow, the one-dimensional benefit function of this player must be of a shape
that allows the player to reach a region where the function is monotonically
increasing; that is, right-handed from a local minimum. If he could not reach
this region, he would have incentive to set as little flow as possible; for in-
stance a zero-flow. As he is able to reach this region, he has incentive to
propose as much flow as possible; for instance he will set fp = dp and so
fp=dp V¥V P € P holds.

2.3 Dominated Equilibria

2.3.1 Introduction

In path player games there may exist multiple equilibria. For instance in a
game with more than one player, with strictly increasing cost functions, pos-
itive flow rate, and no security limit (see Section 2.2.5), we have an infinite
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number of equilibria. Each flow f* that satisfies ), p fp = 7 is an equi-
librium in such a game, see Theorem 2.45 on page 37. Although being stable
situations, equilibria may be disadvantageous for some or even all players. For
instance even an infeasible flow, where every player gets punished with a ben-
efit of —M, may be an equilibrium. This fact meets the question of dominance
among equilibria and flows in general. When do we, considering the interests
of all players, prefer one flow more than another? We surely prefer a flow f
rather than f if the benefit of f is for all players not lower and for at least
one player higher than the benefit of f . This observation is summarized in the
definition of dominance among flows, where we use the following convention
to compare vectors.

Definition 2.67. Let u = (uq,...,ug) and v = (vy,...,v;) be k-dimensional
vectors. We write w = v if the following holds:

u>v; Vi=1,....k A Jjru; >v;.
Furthermore, we denote the vector of benefits by b(f) = (bp(f)) pep-

Definition 2.68. A flow f is called Pareto-dominated (in short: dominated )
if there exists a Pareto-dominating flow (in short: dominating flow); that s,
a flow f such that

b(f) = b(f)-
Otherwise, f is called non-Pareto-dominated (in short: nondominated ).

Note that an infeasible flow cannot dominate any other flow and is domi-
nated by each feasible flow. Hence, we only consider feasible flows when we are
referring to dominated or nondominated flows. This definition of dominance
is closely related to the definition of dominance in multicriteria optimization;
see, for instance, [Ehr05].

Harsanyi and Selten propose in [HS88] a different definition of dominance
among flows. They call a flow f payoff-dominated if there is a flow f such that

bp(f) > bp(f) vV PeP.

This definition is stronger than the Pareto-dominance, as a flow is only consid-
ered to be preferable against a second flow if there is an improvement obtained
for each player. Each payoff-dominated flow is also Pareto-dominated.
Another use of the term “dominance” is common in game theory. Consider
the strategy set of a single player i. A strategy & dominates a second strategy
y, if for all strategy choices s_; of the opponents it holds for the payoff p; of
player i: p;(s—;,x) > pi(s—;,y) and there is one $_; such that p;(§_;,z) >
pi(8-:,y) holds (see, e.g., [Owe95]). Dominated strategies can be neglected by
the player and be removed from the strategy set. Thus, this approach enables
the reduction of the problem size and can be utilized as preprocessing in terms
of computation of equilibria. This definition considers the dominance among
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strategies of a single player and should not be mixed up with dominance
among flows, which we are using in this text.

The intention of this material is to compare equilibria and to look for
nondominated ones. We present classes of path player games, where each
nondominated flow is also an equilibrium and one class where also the re-
verse is true. Furthermore, we present one class of path player games, where
equality of the sets of equilibria and nondominated flows does hold. Also,
we show that disadvantageous situations related to the Prisoner’s Dilemma,
where each equilibrium is dominated may occur in path player games. Parts of
this chapter have been published in [SS06a]. The following example illustrates
the definitions.

Ezample 2.69. Consider a network consisting of two edges that link the nodes
s and t as illustrated in Figure 2.26. The game is a game with no security limit
as w; = wy = 0. Let the flow rate » = 1 and the cost functions be ¢;(z) = =
and ca(z) = 1.

The flow f* = (0.5,0.5) with b(f*) = (0.5,1) is a feasible equilibrium
because f{** = {0.5} and f3"** = [0, 0.5]. This flow is dominated, for example,
by the flows f** = (0.75,0.25) and f = (0.7,0.25) due to b(f**) = (0.75,1) =
b(f*) and b(f) = (0.7,1) = b(f*). Note that f** is an equilibrium itself,
whereas f is not. On the other hand, consider the flow f = (1,0) with b(f) =
(1,1). The flow f is an equilibrium that is nondominated.

c(z)=z,w1 =0

co(r) =1, wa=0

Fig. 2.26. Game network Example 2.69.

This example illustrates that in path player games, there may exist dom-
inated equilibria that can be improved to situations that are more preferable
for the overall system. That means some players could obtain increased pay-
off and none of the players would have to accept a worse situation. However,
these improved situations need not be equilibria and may hence be unstable.
A famous example of a situation where the (unique) equilibrium respresents a
disadvantageous situation for the players is the Prisoner’s Dilemma (see, e.g.,
[FT91]). In this two-person game, there is a game situation that improves
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the benefit of both players compared to the unique equilibrium of the game,
however, this situation is no equilibrium itself and hence unstable. To obtain
a situation where the interest of all players is taken into account, we are inter-
ested in determining equilibria that are not dominated. Dominated equilibria
are unsatisfying as they are stable situations; that is, the game will get stuck,
although there exist better game situations.

With this observation the following question appears. What is the relation
between the equilibria and the nondominated flows of a game? To analyze this
question, let us denote for a game T', the set of equilibria with NE(I") (Nash
equilibria) and the set of nondominated flows with ND(T'). In the sequel it
is demonstrated that ND(T') may be contained in NE(T') or vice versa that
equality of the two sets may hold that the sets may be disjoint, or that neither
of these possibilities may be true.

2.3.2 Relations Between Equilibria and Nondominated Flows

In this section, we show that in path player games, all possible relations be-
tween ND(T') and NE(T') may take place. We introduce two classes of path
player games satisfying that each nondominated flow is an equilibrium. Fur-
thermore, we provide one class where equality of these two sets holds. Exam-
ples of

ND(T') 2 NE(I'), ND(T)NNE(T') =0

and
ND(T') ¢ NE(T') A ND(T') 2 NE(T) A ND(T)NNE(T') #0

complete the section.

Two Classes of Path Player Games Where ND(T') Is Contained in
NE(T)

For the first class of path player games, we require strictly increasing cost
functions. For the second class we need no restriction on the cost function but a
path-disjoint network. In both classes we find instances, where ND(T') is a true
subset of NE(T"). We recall Theorem 2.45, which states that in a game with
strictly increasing cost functions ¢, on all edges e € E and wp =0V P € P
it holds that

fFENET) & > fp=r.

PeP

Theorem 2.70. Let ' be a path player game with strictly increasing cost func-
tions ce for alle € E and wp =0V P € P. It holds:

ND(T') C NE(T).
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Proof. Consider a nondominated flow f*. Assume, f* is not an equilibrium;
that is, ) pcp fp < r. Take an arbitrary path P and set

fp="Tp+r=2_1b>f}

PeP

Due to the strictly increasing cost functions it follows that
bp(f) > bp(f*) and bp(f) >bp(f*)V PP\ {P}.

Thus, bp(f) = bp(f*) which contradicts f* € ND(I"). Hence, f* € NE(T).
O

The following example illustrates that the reverse of Theorem 2.70 does
not hold in general.

Example 2.71. Consider the game illustrated in Figure 2.27. There are two
paths going from s to ¢t. Path P; shares all its edges with P», whereas P
owns some edges exclusively. Consider a flow f* being an equilibrium; that
is, > pep fp =71.8et fp, = fp — ¢ and fp, = fp, +J. Due to the strictly
increasing cost functions, the benefit of P, will increase, whereas the benefit
of P; is unchanged; that is, f dominates f*: b(f) = b(f*).

P,y
-
SO—— P 0 — Ot
————————— >

Fig. 2.27. Game network Example 2.71.

Using the example and Theorem 2.70, we conclude that there exist path
player games I' with strictly increasing cost functions ¢, for all e € E and no
security limit, such that ND(T') & NE(T'). Nevertheless, there are games with
strictly increasing costs, where the reverse of Theorem 2.70 is true (i.e., where
ND(T') = NE(T') holds). We discuss these games in the following section,
regarding a class of games with ND(I") = NE(T).

In the second case we assume a path-disjoint network, where each edge
belongs to exactly one path. In such networks it holds that the cost of a path
depends only on the flow on that path, such that cp(f) = cp(fp).

Lemma 2.72. Consider a game on a path-disjoint network with continuous
cost functions c.. For each feasible flow f that is no equilibrium there is a
feasible equilibrium f* dominating f.
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Proof. Consider a feasible flow f that is no equilibrium; that is, 3 P : fp ¢
fpe*. We construct the required equilibrium f* by repeating the following
iteration until fp € fp** V P € P. Note that f5** # () for continuous cost
functions (see Lemma 2.24).

Iteration: Choose some P : fp ¢ . Set f’ such that fp = fp V P # P
and f5 € fE™. Set f := f’ and repeat.

Due to the path-disjoint network cp(f) = ¢p(fp) holds for all P € P. By
choosing fp € 5, it is not possible that a player will create an infeasible flow
in any iteration. Thus, in each iteration and for all P it holds that dp > fp.
It follows that the benefit bp(f) will not change in any iteration where P is
not chosen, although f_p might change. The same is true for all flows smaller

than fp and hence,
bp(f/_p,x)pr(f_p,.r)vngp/\ P;ﬁp (2.19)

Thus, we have bp(f') = bp(f) for all P # P. Because bp(f’) > bp(f), it
follows that f’ dominates f and, consequently, dominates the flows of all
previous iterations.

In each iteration either f5 < fp or f5 > fp holds.

Claim 1: f; < fp can only occur when Pis chosen for the first time.
Proof of Claim 1: Consider an iteration where P is chosen the second time
or later, fp is the flow before this iteration. Suppose Elfp < fp such that
bp(fp) > bp(fp)- Due to (2.19) this is a contradiction to fp € fp** in
the previous iteration where P had been chosen; that is, f;5 > fp.

Claim 2: If after |P| iterations no fp has decreased, the process has found an
equilibrium.
Proof of Claim 2: For any path P that has been chosen, the following
holds during the |P| iterations. For all P, # P the flow fp, has not
decreased, thus dp has not increased. Due to (2.19) and as f3** is taken
over a feasible region that is smaller than or equal to the iteration where

max

P had been chosen, fp will stay in f3'** and will be not chosen again. The
process will stop after at most |P| iterations with fp € fR**V P € P.

From Claim 1 and Claim 2 we can follow that after at most 2|P| iterations
the iteration stops with an equilibrium. Because this equilibrium dominates
each previous flow it also dominates the starting flow f. a

The next result follows immediately.

Theorem 2.73. Let I' be a path player game on a path-disjoint network with
continuous cost functions. Then ND(T') C NE(T).

Example 2.69 shows that the reverse of Theorem 2.73 is not true. There
a path-disjoint network has been observed and a feasible equilibrium f* has
been found that is dominated such that ND(I') # NE(T') may hold for
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instances of games on path-disjoint networks. Thus, as in games with strictly
increasing cost functions, in games on path-disjoint networks there are also
instances where ND(T') & NE(T'). However, there are also instances where
ND(T') = NE(T'); see the following paragraph.

A Class of Path Player Games Where ND(T') Equals NE(T)

It is a nice property of a game if the set of equilibria equals the set of nondom-
inated flows. Then we can be sure that each equilibrium is “acceptable” in
the sense that we can find no dominating flow. On the other hand, each non-
dominated situation is stable, as it is an equilibrium. Path player games with
ND(T') = NE(T') are found in the class of games on path-disjoint networks
with strictly increasing cost functions and no security limit.

Lemma 2.74. Let T' be a path player game on a path-disjoint network with
strictly increasing cost functions and wp = 0 VP € P. Then ND(I') = NE(T').

Proof. ND(T') C NE(T') is true by Theorem 2.70.

For the reverse conclusion, consider a feasible equilibrium f*. According to
Theorem 2.45 >, p fp = 7. Assume f* is dominated; that is, 3 f : b(f) =
b(f*)

= 3 P:bp(f) > bp(f)

= fp> fp [as ce(fe) strictly increasing and paths are disjoint]
=3JP:f p<1I% [as otherwise feasibility would be violated]

= ba(f) < bp(f*)

which contradicts the assumption. Hence:

Bfob(f)zb(f) = freNDT) O

Further Relations Between the Sets ND(TI') and NE(T')

The following relations between the sets ND(I') and NE(T') exist and are
demonstrated by examples.

Case 1: ND(T') ¢ NE(I') A ND(T') 2 NE(T) A ND(I')NNE(T') # 0

For general games I' it is possible that neither the nondominated flows nor

the equilibria are subsets of each other, but intersection points are existing.
See the following example.
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Example 2.75. Consider the game described by the graph in Figure 2.28 and
the cost functions c., and c., illustrated in Figures 2.29 and 2.30. The cost
functions on the remaining edges are constant zero. In this game there are
three paths. The benefit of P; depends on the sum of all flows and is illustrated
in Figure 2.31. The benefits of paths P, and P; are equal and depend on the
sum fp,+ fp, and on fp,. Therefore bp, and bp, are two-dimensional functions;
we illustrate them for fp, = 0 in Figure 2.32.

Fig. 2.28. Game graph. Fig. 2.29. Cost of e;. Fig. 2.30. Cost of es.

bp,

2pep fr ———+—+»fptfp,
-M — gyl -
Fig. 2.31. Cost of P;. Fig. 2.32. Cost of P, P; for fp, =0.

Consider the three flows: f* = (0,2.5,2.5), f** =(0,1,1), and f = (1,0,0)
with the benefits b(f*) = (1,2,2), b(f**) = (1,6,6), and b(f) = (2,3, 3).

The flows f* and f** are equilibria; f is not. In addition f* is dominated
by f and by f**. Thus, f* is in NE(I") but not in ND(T").

The flow f is not dominated by f** and nor by any other flow. A flow f

that would dominate f needs to have b(f) = (2,3,3). As the benefit of player

Py will never exceed 2, bp, (f) = 2 has to hold. The benefit bp, (f) = 2 is only
obtained if ) p.p fp = 1.
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:>fp27f_P3 Sl
:>\v/i:2?3:bpi(f):cPi(f):Cel(f€1)+2S1+2
=3 f:0(f) 2 (2,3,3),

and thus, f is undominated; that is, f € ND(I') A f ¢ NE(T) .

Case 2: ND(T') D NE(T)

There are path player games where the set of equilibria is contained in the set
of nondominated flows as the following example illustrates.

Example 2.76. Consider the game illustrated in Figure 2.33. Each of the two
paths connecting source and sink consists of two edges. The exclusive edge of
player 1 has cost c., (f1) = —3f1 and that of player two has cost ce,(f2) =
—10f5. The common used edge has cost c., (f) = 2(f1 + fa).

As in each game situation, both players will have incentive to decrease their
own flows, the unique equilibrium of that game is f* = (0,0); see Figure 2.34.
It can be verified that the set of nondominated flows is given by

NDI)={f:/i=0A0<fo<r} U {f:0<fi<r A fo=0}
I2

== ND
® NE
Cel(fl) = _3f1

ces(f) =2(f1 + f2)
s —_—pt

\_/ _T > /1

Cez(f?) = _1Of2

Fig. 2.33. Example 2.76. Fig. 2.34. ND(I') D NE(T").

Case 3: ND(T)NNE(T) =0

A game where each equilibrium is dominated is disadvantageous for the play-
ers. A game of that nature is, for example, the Prisoner’s Dilemma. Also in
path player games we can make out such situations, as the following example
illustrates.
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fa
A

® NE(I)
= ND (T')

cel(fl) = _%fl

Ces (f) = f1+ f2
s —_—
v AT » f
Cez(fZ) = _%fZ
Fig. 2.35. Example 2.77. Fig. 2.36. ND(I') N NE(T') = 0.

Example 2.77. Consider the game illustrated by the graph in Figure 2.35. We
have two paths 1 and 2 from source to sink; each path possesses an exclusive
and a common used edge. The costs of the exclusive edges are c., (f1) =
—3/2f1 and c.,(f2) = —3/2f. The common used edge has cost ¢, (f1, f2) =
f1 + f2. Thus we have costs on the paths 1 and 2 of ¢; = fo — 1/2f; and
co = f1 —1/2f5. We have no security limit; that is, wp = 0 for P € {1,2}.
Furthermore, the flow rate is r = 1.

In this game, the unique feasible equilibrium is f* = (0, 0); see Figure 2.36.
Assume there would be another feasible equilibrium where player 1 (without
loss of generality) sends a positive flow f; > 0. Then b1 (f1 — ¢, f2) = f2 —
1/2(f1 —e) < fa —1/2f1 = b1(f1, f2) for any fixed fo > 0. It follows that
(f1, f2) is no equilibrium. The set of nondominated flows is given by all flows
that maximize fi; + fo; that is,

ND={f=(fi,fo): fi+ fa=rfr 20, fs >0}

2.4 Potential Functions for Path Player Games

2.4.1 Introduction

In this section we investigate potential functions for path player games. For
a noncooperative game, a potential function is a single (but not necessarily
unique) function that represents for each player the change of payoff due to
the change of her strategy. In addition, a potential function does not depend
on the player. Existence of potential functions is given only for a few classes
of games. However, potential functions turn out to be interesting for proving
the existence of equilibria in a game. Furthermore, algorithms for the com-
putation of equilibria can be designed based on the existence of potential
functions.
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We start the investigation of potential functions by considering only fea-
sible flows. This is motivated by the fact that if we consider the complete
set of flows f € R”, the situation gets more complicated due to the non-
continuity of the benefit function. Thus, in terms of introducing this theory,
it is more convenient to start with the investigation of feasible flows and to
extend this concept later on to the complete set of flows. By considering only
feasible flows, we obtain a different type of game, namely a generalized path
player game, which is characterized by strategy sets that are restricted by
the chosen strategies of the competitors. We introduce this concept in more
detail in Section 2.4.2. As the classical definition of a potential function is
not applicable to restricted strategy sets, we propose a new type of potential
function, called the restricted potential function. We show that generalized
path player games possess exact restricted potential functions. Furthermore,
we develop an algorithmic approach to compute feasible equilibria by solving
an optimization problem. In Section 2.4.3, we consider the complete strategy
set, including the infeasible flows. Due to the structure of the benefit function,
an exact potential does not exist here. Nevertheless, we prove the existence of
ordinal potential functions, a weaker form of potentials. In a third approach in
Section 2.4.4 we extend the benefit function such that even an exact potential
function for the complete strategy set can be found. Finally, in Section 2.4.5,
computation of equilibria by using a greedy approach is discussed. We present
classes of path player games, where equilibria can be found within a finite se-
quence of greedy improvement steps.

Potential functions were first mentioned by Rosenthal [Ros73], who used
a potential function to prove the existence of pure-strategy equilibria in fi-
nite congestion games. Monderer and Shapley introduced in [MS96] several
definitions of potentials and characterized games with potential functions by
sequences of strategy vectors. Facchini et al. [FMBT97] presented a char-
acterization of potential games by a sum of a coordination and a dummy
game. Furthermore, they extended the concept of congestion games to in-
complete information and yielded Bayesian potential games. Voorneveld and
Norde [VN97] presented a characterization of ordinal potential games by us-
ing weak improvement cycles (cycles where an improvement takes place in at
least one step) which do not exist in these games.

As path player games are infinite, our special interest belongs to infinite
potential games. Monderer and Shapley presented in [MS96] sufficient con-
ditions for both the existence of approximate equilibria and the existence of
equilibria in infinite potential games. The former is satisfied by path player
games, as the benefit functions are bounded; the latter is not, because we have
noncontinuous benefits. Kukushkin [Kuk99] proved the existence of equilibria
in infinite ordinal potential games with compact strategy sets. Norde and Tijs
[NT98] considered games where one or more players have infinite strategy
sets and present sufficient conditions for weak determinedness of these games.
A game is weakly determined if it provides (e, k)-equilibria; that is, equilib-
ria where each player is “reasonably” satisfied. That means he either cannot
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improve his benefit more than an ¢ or is already gaining a benefit higher than
k. In [Voo97], Voorneveld extended results by Norde and Tijs, which were
given for exact potential games to generalized ordinal potential games.

Some research has been done linking the field of potential games with other
fields in game theory. Potential functions in cooperative games were consid-
ered, for example, by Bilbao [Bil98] and Driessen and Radzika [DR02]. Ui and
Slikker et al. in [Ui00, SDNTO00, Sli01] used the relation of potential games
and the Shapley value of a cooperative game. Games with incomplete infor-
mation and robustness of equilibria in potential games were studied by Ui and
Morris in [Ui01, MUO05]. Evolutionary processes were considered by Sandholm
[San01] where infinite player sets were given. In Baron et al. [BDHS02] evolu-
tionary dynamics were considered under stochastic perturbations. Mallozzi et
al. [MTV00] combined the concept of hierarchical games, such as Stackelberg
games, with potential functions and introduced a hierarchical potential game.
Kukushkin [Kuk02] presented potential functions for games with perfect in-
formation and the relation to subgame perfect equilibrium. In [PPT07] the
authors introduced a multicriteria version of potential games and extended
results from singlecriteria case to this field.

Variations of the classical definition of potential games presented in [MS96]
have been studied, for example, in the following publications. In [Voo00]
Voorneveld proposed best-response potential games, a class of games contain-
ing the class of ordinal potential games. Best-response potential functions
provide a sufficient condition for the existence of equilibria. A recent ap-
proach was presented in Monderer [Mon07] where multiple player types were
considered in q-potential games.

Finally, we mention that potential functions were also studied for cooper-
ative games (see, e.g., [HMCB89, Bil98]). As we are only considering noncoop-
erative games, this theory is not considered further here.

Definition 2.78. Let w = (wp) pep be a vector of weights with wp >0V P €
P. A function 11 : lel — R is a w-potential for a game I if for every P € P,
for every f_p € R‘f‘_l, and for every x, z € Ry it holds:

bp(f-p,z) —bp(f-p,2) = wp (II(f-p,x) = (f-p,2)).
T" is called a w-potential game if it admits a w-potential.

For w = 1jp| we receive the strongest form of a potential, an ezact poten-
tial. A weaker form of a potential function is the ordinal potential, introduced
next.

Definition 2.79. A function II : ]R‘fl — R s called an ordinal potential for
T if for every P € P, for every f_p € le‘*l, and for every x, z € Ry,

bp(f_p,x) - bp(f_p,z) >0 <« H(f_p,x) — H(f_p,z) > 0.

T" is called an ordinal potential game if it admits an ordinal potential.
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The definition of an ordinal potential can be modified to obtain a gener-
alized ordinal potential.

Definition 2.80. A function II : lel — R is called a generalized ordinal

potential for I' if for every P € P, for every f_p € R‘f‘_l
z e Ry

bp(f,p,l’) - bp(f,p72:) >0 = H(ffp,a:‘) - H(f,p,z) > 0.

, and for every x,

T' is called a generalized ordinal potential game if it admits a generalized
ordinal potential.

It is clear by the definition of the types of potential functions that an
exact potential IT in game I' induces a w-potential in I". A w-potential itself
then induces an ordinal potential in I', which finally induces a generalized
potential in I'. The following lemma is true by the definition of an equilibrium
(see Definition 2.26).

Lemma 2.81 ([MS96]). Consider an ordinal potential game I'. The flow f*
is an equilibrium in T if and only if for every P € P and for every fp it holds:

H(fiP, f;;) > H(ijv fP)

It follows that if we can find a maximizer for the ordinal potential func-
tion TI(f), then the equilibrium for T' exists in pure strategies. Monderer and
Shapley [MS96] use that fact to draw the conclusion that each finite ordinal
potential game has a pure-strategy equilibrium.

Thus, knowing an (ordinal) potential helps to identify equilibria in a game.
It is therefore interesting to have ways to check if a game is a potential game
and to determine the potentials themselves. In the following material we in-
vestigate strategy sequences for this purpose.

Definition 2.82. A strategy sequence ¢ = (O, f1,... f¥ ...), we say simply
sequence, in a game is given as an ordered sequence of flows f* that satisfies
the following. For every k > 1 there is a unique player P(k) such that for

FE1 = (fffotk)’fllg(_k” and f* = (fEP(k)’ fl’g(’@))

we have
k-1 k k—1 k
“pty = fopwy and fpgy # fem)-

We call P(k) the active player and the movement from f*=! to f* the kth
step in .

A sequence is called an improvement sequence if for every k > 1 it holds
that

begy (fF) > bpgy (fF71). (2.20)

A game T satisfies the finite improvement property (FIP) if every improve-
ment sequence is finite.
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For a sequence p, we call fO its initial flow and, if ¢ is finite, fV its
terminal flow. Furthermore, we say that a finite ¢ connects fO and f~. The
length of a finite sequence ¢ = (f°, f1,..., fV) is given by I(p) = N.

Note, that Monderer and Shapley called the “strategy sequence” simply
“path”. Because this term in our work is already occupied by the paths that
the players own in the network, we use the term “sequence”.

A finite improvement sequence that ends because no improvement step
is possible any more (a so-called mazimal sequence) provides an equilibrium
as the terminal flow. If a game satisfies FIP we can hence use improvement
sequences to determine equilibria.

Lemma 2.83 ([MS96]). Every finite ordinal potential game satisfies FIP.

To prove this, note that by (2.20) for each improvement sequence, the
potential function values of the flows have to increase strictly in each step. As
the set of strategies is finite, each improvement sequence has to be finite.

Unfortunately, although we show in the following sections that path player
games have potential functions, we cannot apply that result to them. Path
player games have an infinite number of strategies, and thus the improvement
of benefit in a step may become arbitrarily small, which may lead to infinite
improvement sequences. An example of such an infinite improvement sequence
is given in Example 2.111 on page 79. See Section 2.4.5 for the analysis of
other approaches to create sequences that yield equilibria or approximate
equilibria.

Definition 2.84. The cost of a finite sequence ¢ = (fo, o fN) 18 given
by

M=

I(e) =Y [bpmw) (f*) = bpw (Ff571)]. (2.21)

>
Il
—

Corollary 2.85. Let ¢! = (fN,fN_l, e fo) be the sequence with reverse
ordering of p. Then,

I(g) = —I(¢7").

Definition 2.86. A sequence is closed if fO = fN and a closed sequence is
simple if f¢ % f* for all ¢ #k and 0 < 0,k < N — 1.

Lemma 2.87 ([MS96]). Consider a game I'. The following statements are
equivalent.

T is an exact potential game. (2.22)
I(p) =0 for every finite closed sequence . (2.23)
I(p) = 0 for every finite simple closed sequence . (2.24)
I(p) =0 for every simple closed sequence ¢ of length four. (2.25)
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An exact potential of I' is given by fixing a flow f € F and defining
I(f) = I(p) Vf € F, where ¢ is a sequence connecting f and f. Note that
TI(f) is well defined; that is, I(1) = I(p2) if ¢1 and @ have the same initial
and terminal flow. In [MS96] it is in addition shown for exact potential games
I" that taking any two exact potentials IT* and I1? there is an constant ¢ such
that II*(f) — IT12(f) = c for all flows f.

For further consideration, we assume in this section to have path player
games without a security limit; that is, wp = 0V P € P. Later on, we develop
potential functions for games on polyhedra, a generalization of path player
games, considered in Chapter 3. There, we propose ways also to include a
general security limit.

In terms of path player games and potential functions, we start with a
negative result. Path player games are not exact potential games in general,
which is shown in the following simple example.

c(z)==x

co(z) =2

Fig. 2.37. Example 2.88.

Ezxample 2.88. Consider the path player game illustrated in Figure 2.37 and
the sequences

o1 = ((0,0),(0,0.75), (0.5,0.75)) and 2 = ((0,0),(0.5,0), (0.5,0.75)) .

We have: I(¢1) = (0.75—=0) 4+ (=M —0) = 0.75 — M and I(¢2) = (0.5—0) +
(=M —0) =0.5— M and hence I(p1) # I(p2). The closed sequence which is
obtained by connecting (¢, and @2_1 has cost 0.75 — 0.5 — M + M = 0.25. By
Lemma 2.87, the presented game is not an exact potential game.

Nevertheless, we are able to develop other approaches for determining
potential functions in path player games. In Section 2.4.2, we define an ex-
act restricted potential function that exists in the generalized version of the
path player game. For the original path player game, we propose an ordinal
potential in Section 2.4.3. Furthermore, an extension of the original benefit
function allows an exact potential for the path player game, which we analyze
in Section 2.4.4.
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2.4.2 Exact Restricted Potential for the Generalized Path Player
Game

In this section, we introduce a new definition of potential functions, valid for
games with restricted strategy sets. With this new notation, we are able to
obtain an exact (restricted) potential function for the path player game. For
this approach we consider only the set of feasible flows. We allow a player to
choose fp only from [0,dp(f-p)]. By feasibility, the benefit is then given by
bp(f) = cp(f). Games where the strategy sets of the players are dependent
on the strategies of the competitors are called generalized Nash equilibrium
(GNE) games, but are also known under several other names. See Chapter 3
for a more detailed introduction into this field. Consequently, we call a path
player game, where the strategy set of each player is restricted to [0,dp], a
generalized path player game.

Definition 2.89. In a generalized path player game, a feasible flow f* is a
generalized equilibrium if and only if for all paths P € P and for all fp €
[0,dp(f*p)], it holds that

bP(ijvf;;) > bP(fiP’fP)'

The investigation of generalized path player games is not only interesting
for studying potential functions. It also makes sense if we are interested in
feasible equilibria, as the set of feasible equilibria in a path player game and
the set of generalized equilibria in the corresponding generalized path player
game are equal.

Theorem 2.90. Consider a path player game I' and the corresponding gen-
eralized path player game I'. A flow f* is a feasible equilibrium in I' if and
only if f* is a generalized equilibrium in T

Proof.

Part (a) f* is a feasible equilibrium in T' = f* is a generalized equilibrium
in I'.

As f* is a feasible equilibrium in I, we have

VPEP,VfPZOS bP(fiP7f;’)ZbP(fiP7fP)
VP EP, Y fp € [0.dp(f*p)] : bo(fEp ) > bp(fEp ).

As f* is feasible, it is a generalized equilibrium in T’ by definition.

Part (b) f* is a generalized equilibrium in I' = f* is a feasible equilibrium
in I
As f* is a generalized equilibrium in T', we have V P € P, ¥ fp € [0,dp(f* p)]:

bp(f2ps 1) 2 bp(f2p. fr) > =M = bp(fp, fp).

for fp > dp(f* p). Thus,
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VPeP, ¥V fp=0:bp(fip, f5) >bp(fp, fr).
As f* is feasible, the claim follows. ad

Because we are restricting ourselves to feasible flows, the definition of
potentials needs an adjustment. In the definition of a classical potential it is
not considered that strategy sets may be restricted.

Definition 2.91. Let w = (wp)pep be the wvector of weights with wp >
0V P € P. A function I1 : F — R is a restricted w-potential for a gen-
eralized path player game I if for every f € F, for every P € P, and for all
x, z € [0,dp(f—p] it holds:

bp(f-p,z) —bp(f-p,2) = wp (II(f-p,x) —II(f-p, 2)). (2.26)

Consequently, a path player game I' is called a restricted w-potential game if
it admits a restricted w-potential. For w = 1p| we obtain an exact restricted
potential function.

This definition is extended to games on polyhedra, which is an instance of
generalized equilibrium games; see Definition 3.38 on page 111. The following
statement has already been observed for the classical definition of potential
games in Lemma 2.81, page 61, and is now given for generalized path player
games.?

Lemma 2.92. Consider a generalized path player game T which is a restricted
w-potential game. The flow f* is a feasible generalized equilibrium in T if and
only if for every P € P and for every fp € [0,dp(f*p)] it holds:

H(fin f;‘) > H(ijv fP)

Definition 2.93. A sequence ¢ = (f°,..., ) is called feasible if f* is fea-
sible for every 0 < k < N.

To prove the existence of exact restricted potential functions for gener-
alized path player games (Theorem 2.96), which is the main result of this
section, we need the following theorem.

Theorem 2.94. The following statements are equivalent.

I" is an exact restricted potential game.
I(p) =0 for every finite closed feasible sequence .
I(p) =0 for every finite simple closed feasible sequence .

® The statement of Lemma 2.92 would still be true if we defined an “ordinal re-
stricted potential game” along the lines of Definition 2.79. We omit this definition,
as it is not relevant for the following investigations.
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An exact restricted potential of T' is given by fixing a feasible flow f and
defining II(f) = I(yp) for all f € F where ¢ is a feasible sequence connecting
f and f. Note that II(f) is well defined, as I(¢1) = I(p2) holds for ¢; and
9 having the same initial and terminal flow.

Proof. To prove the thesis of this lemma we follow an argument similar to the
one in [MS96] for the proof of Lemma 2.87, but applied to sets of strategies
that are mutually dependent (the strategies of the different players are linked
by constraints) and to our definition of restricted potential functions. The
main novelty of our proof is given in Part (c¢) where the feasibility of the
considered improvement sequence has to be ensured.

First, note that (2.28) implies (2.29) which implies (2.30). It remains to
show that (2.27) is equivalent to (2.28) and (2.30) implies (2.28).

Part (a) (2.27) = (2.28).

Let IT be an exact restricted potential for I". Consider a feasible closed
sequence . By the definition of an exact restricted potential, the cost of
a sequence is given by

=>_ [ ()] =T ()~ (f°) = 0.

k=1

Part (b) (2.28) = (2.27).

We assume that I(¢) = 0 holds for any finite closed feasible sequence .
Now consider two feasible flows f, f € F. Any finite feasible sequence that
has f as initial and terminal flow and contains f has cost 0 by assump-
tion. Thus, using Corollary 2.85 it can be seen that all feasible sequences
connecting f and f have to have equal cost.

We define: for f € F, we set II(f) = I(y), for all feasible ¢ connecting a
fixed feasible f with f. It remains to show that II(f) is an exact restricted
potential in I'. Consider any f € F and any P € P. Furthermore, consider
z,2 € [0,dp(f-p)]- Let p1 = (f, f',...,(f_p,2)) be a feasible sequence
connecting f and (f_p,x). Set w2 = (f, f,...,(f_p,2)). It follows that
I(f-p,x) = I(f-p,2) = I(¢1) — I(p2) = bp(f-p,) — bP(f-p,2), from
which we conclude that IT is an exact restricted potential.

Part (c) (2.30) = (2.28).

We suppose that I(p) = 0 for every simple closed feasible sequence ¢ of
length I(p) =

Assume there is a finite closed feasible sequence with nonzero cost and
let us consider such a sequence ¢ = (f°,..., fV) with minimal length
1(p) > 4. As the sequence is closed, there is a step ¢ with flqg(q) fq (ql) < 0;
that is, player P(q) is decreasing his flow. Without loss of generality, let ¢
be the first step: ¢ = 1 and set the active player in the first step P(q) = P;.
Because fo I there has to be a 2 < j < N such that P(j) = P, with
fP fp(q) > 0; that is, player P; has to be active a second time where he
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increases his flow. For j = 2 we obtain a contradiction to the minimality
of (), due to I(f°, f2,...,fN) = I(p). A similar contradiction can be
obtained for j = N. Hence, we assume 2 < j < N — 1. Consider the flow

o
fi = (f]{Pl Gy TP ;(j+1))

which is obtained by preceding step j+1 before step j. Note that P(j+1) #
Py holds as otherwise we would have a contradiction to minimality of I(p).
Because

b=V P E{PL PG+ 1)}

and

j+1
f <fP1_ ;1731 9

we can conclude that f is a feasible flow:

pr Z fff"_1+f +f1]f’+gl+1

PeP PeP\{P1,P(j+1)}

j+1 j+1 j+1
< Z Ip fj + fl]’(ﬁrl

PeP\{P1,P(j+1)}

Z f]+1

PeP

<
as fIt! is feasible. It can be verified that the simple feasible sequence
of length four (f7=1, f7, fi+1 f7) is closed and has by assumption cost
zero. Thus, the feasible sequences (f7~1, f7, f7t1) and (f7~1, f7, f711)
have equal length, and consequently {(p) = I(¢) with

cﬁ:(foﬂ""fjilﬂfj’fjJrl?"'?fN)

is true. Note that in ¢ it holds P(j + 1) = P;. By iteration of this re-
placement process we obtain a finite closed feasible sequence ¢* with
I(p*) = I(p) # 0 and P(N) = P(1) = Py, which leads to a contra-
diction of the minimality assumption of I(¢). We conclude that I(y) =0
holds for each finite closed feasible sequence ¢. a

A different representation of the cost functions is needed for the proof of
the following theorem. The cost of a path P is given by the sum of the costs on
the edges belonging to this path. We distinguish between two types of edges,
the ones belonging exclusively to P, and the ones shared with other paths.
We recall the definition of exclusively used edges (see Definition 2.42) and add
the definition of commonly used edges.
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Definition 2.95. For player P, we define
Ep¢={e:e€ P AN e¢ P,V P, # P}

to be the set of exclusively used edges of P, and
Ept={e:e€ P N3P, #P:ec P}

to be the set of common used edges.
As fo = fp holds for exclusively used edges, we obtain the cost of a path
in extensive form:

CP(f):ZCe(fe): Z ce(fp) + Z ce | fp+ Z [Py

eeP cCEg© ccEgom Py:e€Py, Py#P
(2.31)

Theorem 2.96. Generalized path player games are exact restricted potential
games.

Proof. We show that each generalized path player game satisfies property
(2.30) of Theorem 2.94. Consider any two active players P; and P; that create
a simple closed feasible sequence ¢ = (fO, 1, 2, f3, %) of length I(p) = 4
by choosing alternating a new strategy and returning to the first strategy
afterwards. We denote the set of strategies of the remaining players with
J—{p,p;;- The sequence ¢ is then given by

o = ((F—p.pyy: fis TP (F—gpipyys F0s 1)), (F=gpipyys FPo Py,
(ff{Pin}vamij)a (.f*{Pin}y waij))'

For instance, such a sequence is presented in Figure 2.38. As ¢ is feasible,
we have bp(f¥) = cp(f*) for all P and for all 0 < k < 3. We obtain

fr, +

T T T
fPi r

fe

\

i

Fig. 2.38. Simple closed feasible sequence of length four.
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I(QD) = (CPz‘(fl) —Cp (fo)) + (ch (fz) —Cp; (fl))
+ (cp (f?) = cr(£2) + (e, (f°) = ep, (%)) -
To determine I(yp), we need to consider only the cost functions of P; and P,
and because f_(p, p;y is fixed, the influence of f_(p, p;} in the common edges

EE™ and Efgom can be neglected. Hence, we modify the sets of common and
excluswely used edges in the following way,

Eg¢={ecE:ec P, Ne¢P;} and Ef™ ={e€E:e€P; N\ ec P}

The values EI%XC and ECom are defined analogously. Because we are only con-

sidering the two players PZ and P; it holds: ECom = El%om =: E°™ Thus, to
investigate the costs, apart from the excluswe edges of P; and Pj, we only
consider those edges that have P; and P; in common, whereas edges that are
used in common with the remaining paths carrying invariant flow, are repre-
sented in B (and E‘%’J‘_C, resp.). The path cost in extensive form (see (2.31))
is thus rewritten:

cp(f) = Z ce(fp) + Z ce | fr+ Z feo |- (2.32)

ce By e€ Beom Py:e€ Py, Py #P

We denote S_(p,py(e) = Zp:eeP,Pg{Pth} fp and obtain:

I(p) = > celfr)+ Y. (Fr+fr+S_(ppy(e)

ec B¢ e€Eeom
i

- Z ce(fp) + Z (fPi+fR7+S—{Pin}(e))

ec Egee e€ Eeom
i

+ Z Ce(f_Pj)Jr Z (fPiJrf_PerS—{Pin}(e))

ec Egee e€ Ecom
J

- Z ce(fp;) + Z (fp, + fp, + S—(p,p1(e))

[exc 7(:()]1'1
eGEPj eckE

+ Z ce(fp) + Z (fP¢+ij+S—{Pin}(e))

ceBge c€Feom

— | D celfr)+ D (fe 4 fr +S_(ppyy(e)

e B¢ e€Eeom
i
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+ Z Ce(ij)Jr Z (fPiJrijJrS—{Pin}(e))

ceBye e€ Foom

— Z ce(fp,) + Z (fp, + fr, + S—(p,py(e))

ec E}eg);c ec Fcom

Definition 2.97. Let n = |P| be the number of players in a generalized path
player game. Consider a flow f and a fized flow f. A sequence ¢ of length
lp)=v <n+1withp = (f, o e f) is called a direct sequence from
ftof,if forallk=1,... v il holds

f}]g(e) =fpey V{<k and f}@(z) = fpy Y £ > k.

In a direct sequence, in each step a unique player P(k) changes its flow
from f(p,) to fpa). After v steps, f is obtained.

Lemma 2.98. If f is a feasible flow then each direct sequence connecting the
zero-flow f = Oyp| and f is a feasible sequence.

Proof. As f is feasible it holds ), p fp < . For each step k = 1,...,v it
holds

k n n
SE=d frw+ >, 0> fr =Y, fp<T 0
=1 (=1

PcP (=k+1 PeP

Note that Lemma 2.98 does not hold for arbitrary feasible f, which is
illustrated in the next example. Nevertheless, there always exists a feasible
sequence connecting two feasible flows f and f. We obtain such a sequence
by ordering the players such that those players who want to reduce their flow
become active first.

Ezxample 2.99. Consider the game represented by Figure 2.37 on page 63. Set
f = (0.25,0.75) and f = (0.5,0.5). The direct sequence ¢ = ((0.25,0.75),
(0.5,0.75), (0.5,0.5)) is not feasible due to the infeasible flow f!. A feasible
direct sequence is given by ¢ = ((0.25,0.75), (0.25,0.5), (0.5,0.5)); see Figure
2.39.

By fixing f = 0/p| and using Theorem 2.94 and Lemma 2.98 we derive the
following statement.
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3/4 —

172 —

\

1/4 1/2 1

Fig. 2.39. Feasible and infeasible direct sequences.

Lemma 2.100. Consider a generalized path player game with n players. An
exact restricted potential I1 is given by

Ir)
0 0
H(f) =1(e) = |bpay | . |—brmw|:
0 0
[ fra) fray \]
n IPk—1) IPk—1)
+ Z beay | fray | —bpm 0
k=2 0 0
. 0 0 -

The next theorem provides a shorter representation of the potential func-
tion.

Theorem 2.101. Consider a generalized path player game with n players. An
exact restricted potential 11 is given by

(f) = celfe).

ecE

Before we prove Theorem 2.101, note that it would be an alternative (and
much shorter) proof to check that II(f) = > .5 ce(fe) satisfies (2.26), the
definition of a restricted potential function. This sort of proof is always pos-
sible, once you have a potential function given. Nevertheless, the following
extensive proof is interesting, as it illustrates the construction of the potential
function.



72 2 The Path Player Game

Proof. We show that in an exact restricted potential game, each feasible se-
quence ¢ connecting a fixed flow f, say f = 0jp|, and some feasible flow f

has cost
I(@) = Z [CE(fe) - Ce(o)]'

eck

Consider a generalized path player game with n players, a feasible flow f
and a direct sequence ¢ from f = 0yp| to f. It is sufficient to show the claim
for direct sequences only, as all feasible sequences connecting f and f have
equal costs.

As f is feasible, it holds by Lemma 2.98 that ¢ is feasible too. Denote

I (o) = bP(k)(fk) - bP(k)(fk_l) = CP(k)(fk) — CP(k) (Fh.

Then

Lie)= > clfrm)+ Y. co|frm+ > i

eEE?j‘(Ck) eEE;,O(’;;‘) P:ec PAP#P(k)
- Ce (0) + Ce fP
c€BFS, c€BE | Pre€ PAP£P(K)

k=1
n
=3 Y eelfppy) — ce(0)]
k=1e€BZS,
+ Z Ce fP(k)"" Z f]lg — Ce Z fllg
k=1eeEp) P PP
(#)

We reorder (#) by first summing up over the edges. For a given edge e,
consider the players P that use e, but not exclusively: {P : e € E®™}. Assume
that these players become active in the following order { P;(), ..., Pi(¢)}, which
is a subsequence of {P(k)}x=1,..n. By E° we denote the set of edges that are
used by more than one player; by E° we denote the set of edges that are used
by exactly one player.

:Z Z ce | fry) + Z fo | —ce Z j

c com P:ecP P:ecP
cEE® ki€ B P(k) P;;P(k) P;:P(k)
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¢ m m—1
Z [Ce <Z sz-m)) —Ce (Z fpi(q)ﬂ (2.33)

=1 q=1

4
[Ce <Z fﬂ@)) - Ce(o)]

= D lee(fe) = ce(0)]. (2.34)

S

)

eckE

3

9]
2

(2.33) is true as in the direct sequence after the mth step, f}.lz(q) = [p,, for
q < m and fp,, = 0 for ¢ > m holds. In addition, (2.34) holds because

ZP:eeP Ip.
By using that

Z Z ce(frm)) — ce(0)] = Z Z [ce(fP(k)) — ce(0)]

k=1e€EES, c€E° kie€ B,

= Z [Ce(fe) —CE(O)],

eckE*

we are able to conclude

I() = > [eelfe) — ce(0)]. (2.35)

eck

By Lemma 2.94 it holds that (2.35) is a an exact restricted potential
function. As c.(0) is constant for all e € F, we have that TI(f) = > .y ce(fe)
is an exact restricted potential function, as well. a

The next theorem follows immediately and gives an algorithmic approach
for finding equilibria in arbitrary path player games.

Theorem 2.102. In a path player game, solutions to the optimization prob-
lem

max II(f) = Z ce(fe) subjectto f €T (2.36)
eceE

are feasible equilibria.

Proof. By Lemma 2.92 on page 65, an optimal solution of (2.36) is a general-
ized equilibrium for the generalized path player game. By Theorem 2.90, each
generalized equilibrium is a feasible equilibrium in the path player game. O

The following existence statement is based on the previous theorem.

Theorem 2.103. In path player games with continuous cost functions, feasi-
ble equilibria exist.
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Proof. In path player games, the set of feasible flows F is nonempty and
compact by definition. Due to the continuous cost functions c., the restricted
potential function TI(f) = >° .5 ce(fe) is continuous too and hence, optimal
solutions of (2.36) do exist. The existence of feasible equilibria follows by
Theorem 2.102. ad

This is an alternative proof of Theorem 2.31 on page 24. In Section 2.4.5,
we propose a third approach for proving the existence of equilibria, again
based on the existence of potential functions, see Theorem 2.118, page 84.

We conclude that by solving (2.36) we will find at least one equilibrium.
On the other hand, not necessarily all equilibria may be found by this ap-
proach, which is a motivation to study other ways of computing equilibria;
see Section 2.4.5.

2.4.3 An Ordinal Potential Function for Path Player Games

To construct an exact potential, in the previous section we reduced the strat-
egy space to the feasible strategies. If we are considering the original path
player game on the complete strategy space f € Rf‘7 the infeasibility penalty
complicates the situation. By allowing infeasible strategies and thus infeasible
sequences, we get problems with the cost of a sequence each time the sequence
leaves the feasible strategy space F (see Example 2.88). Nevertheless, we are
able to present an ordinal potential for path player games. For the proof, the
next proposition is necessary.

Proposition 2.104. Let f* = (f_p,x) and f* = (f_p,z) be two feasible
flows that differ only in fp. Then

D el fD) =D celf2) = ep(f*) —cp(f?).

eckE ecE
Proof.
docelf) =Y eelf?)
ecE eckl
=D celff) = D clf?) (2.37)
eckE ecP
= cp(f*) = cp(f7).
Equation (2.37) is true as f* and f* are different only in fp. O

Theorem 2.105. Path player games are ordinal potential games. An ordinal
potential function is given by

H(f) _ {ZeEE Ce(fe) Zf EPEP fP <r

. : (2.38)
—M Zf EPGP fp >r
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Proof. Consider any player P and any two flows (f_p,x) and (f_p,z). We
distinguish four cases.

Case 1: (f_p,x) infeasible, (f_p, z) infeasible:

bp(f-p,z) =bp(f-p,2) = =M — (=M) =1I(f-p,z) = II(f-p, 2).
Case 2: (f_p,x) infeasible, (f_p, 2z) feasible:

bp(ffp,ﬂj) - bP(f*PaZ> =-M - CP(f*P7Z) <0,
as cp(f) >0 for f € R and as M is a sufficiently large number, at least
M >3 cpce(0). By the same argument and as c.(f.) > 0 for f. € Ry,

H(f-p,z) —(f-p,2) = —M — Z ce(fe) <0,

eclE

holds.
Case 3: (f_p,z) feasible, (f_p, z) infeasible:

bp(f-p,z) —bp(f-p,2) =cp(f-p,x) — (=M) >0,
as cp(f) > 0 for f € R’ and as M is a sufficiently large number, at least
M >3 . cpce(0). By the same argument and as c.(f.) > 0 for f. € Ry,

H(f,p,(E)-H(f,p,Z) = ZCE(fe)_(_M) >07

ecE

holds.
Case 4: (f_p,x) feasible, (f_p, z) feasible:
By Proposition 2.104 we get:

(™) = T(f*) = eelf5) = D celfZ) =
ecE ecE
cp(f*) —cp(f*) = bp(f*) — bp(f*).

Summarizing these four cases we conclude that

bP(f—Pax)ibP(f—Pvz)>O < H(f_P,m)*H(f_p,Z)>O. U

For two classes of path player games, namely for games on path-disjoint
networks and for games with strictly increasing costs, we are able to give
another description of an ordinal potential function.

Theorem 2.106. In a path player game on a path-disjoint network or in a
path player game where the cost functions c. are strictly increasing, an ordinal
potential function is given by

1(f) = {ZPEP rl/) z:f Zpep fr ST (2.39)
-M if Ypepfr>r
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Proof. Consider any player P and any two flows (f_p,x) and (f_p,z). We
distinguish the same four cases as in the proof of Theorem 2.105. The cases
1-3 are analogous to that proof. We have only to consider case 4, namely
(f—p,z) and (f_p, 2) feasible.

Path-disjoint network:

bp(f-p,x) — br(f-p,2)
= cp(f-p,z) —cp(f-p,2)
= cp(x) — cp(2) (2.40)
=cp()—cp(z)+ D, enlfr)— Y. cnl(fr)
P,eP\{P} PLeP\{P}
=II(f-p,z) = II(f-p, 2). (2.41)

(2.40) and (2.41) hold due to the path-disjoint network.

Strictly increasing costs:
Assume

bP(f—P7I)7bP(f—PaZ) = CP(f—va)icP(f—PVZ) >0

S rx—2>0 (2.42)
e > cepfopm)— D ep(fop.z) >0 (243)
PLeP PLEP

- H(f,p,x) — H(f,p,z) > 0.

(2.42) is true because of strictly increasing costs c.. Due to the same reason
cep(f-p,x) —cp(f-p,z) > 0V P € P holds, which is used in (2.43). O

Lemma 2.107. In path player games on path-disjoint networks or in path
player games with strictly increasing cost functions c., there exists an equilib-
rium which is nondominated (see Definition 2.68, page 50).

Proof. Consider the equilibrium f* which is given as a maximizer of the po-
tential function (2.39). In Theorem 1.11 of [Kra05], it is proved that a flow
maximizing the sum of the benefits over all players in a game is a nondomi-
nated flow. O

In general it is not necessarily true that a maximizer f of a potential
function is also nondominated. For instance see Example 2.77 on page 58,
where each equilibrium is dominated. As the maximizer f is an equilibrium, it
has to be dominated in this case. Note that maximizers exist for the potential
functions presented in this work as they are continuous over the set of feasible
flows. In addition, if they are defined for infeasible flows, they provide for
these flows a negative potential value small enough such that the maximizer
will lie within the feasible flows.
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2.4.4 An Exact Potential for an Extended Benefit Function

We have already pointed out in Example 2.88 that the path player game in its
original notation using the benefit function from Definition 2.4 is not an exact
potential game. An extension of the standard benefit function is introduced,
which allows the development of an exact potential for the path player game.

Definition 2.108. In a path player game, the extended benefit function is
given by
cp(f) if Yopepfr <7

~M+ep(f) if Npepfr>r

The extension concerns the second part of the function, the penalty for
infeasible flows. The first part, which concerns feasible flows is not touched.
The extended benefit function is in fact a realistic model of economic situa-
tions. A player gets punished for sending too much flow, but nevertheless, she
receives the income created by the costs. For instance, consider a company
that is producing more goods than it is allowed by a pollution regulation, and
it gets punished thus. Nevertheless this company is selling all produced goods
and obtains income from this.

bE(f) = { (2.44)

Theorem 2.109. The function

(/) = {EeeE ce(fe) if ZPe’P fp<r (2.45)
M+ cpcefe) if Ypepfr>T .

is an exact potential function for any path player game with an extended benefit
function.

Proof. Consider any player P and any two flows f* = (f_p,z) and f* =
(f—p,z). We distinguish four cases. Proposition 2.104 is used in each case.

Case 1: (f") infeasible, (f#) infeasible:

I(f) = 1(f7) = =M + Y co(ff) - (—M +y ce(f§)>

ecE ecE
= =M +cp(f*) = (=M +cp(f?)) = be(f*) = bp(f7).

Case 2: (f*) infeasible, (f#) feasible:

I(f*) = TI(f*) = =M + Y ce(f) = > ce(f)

eckE ecE

—M +cp(f*) = cp(f7) = bp(f*) = br(f).
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Case 3: (f*) feasible, (f?) infeasible:

() — () = 3 ee(f2) — (M +3 ce(f§)>
ecE eckE

=cp(f*) = (M +cp(f?)) = bp(f*) = br(f).
Case 4: (f*) feasible, (f*) feasible:

T(f7) = TI(f7) = > celfE) = Y el f2)

ecE ecE

=cp(f*) —cp(f?) =bp(f*) —bp(f*).

Summarizing, we conclude that

bp(f*) = bp(f7) = 1(f*) = TI(f7). 0

2.4.5 Computation of Equilibria by Improvement Sequences

One approach to obtain an equilibrium is to solve the optimization problem
given in Theorem 2.102. The drawback is that in general we will not find all
equilibria by this computation. In this section, another approach is presented.
Dependent on the initial flows, the algorithm is in principle able to deliver
each equilibrium in a path player game. A proper choice of the set of initial
flows is in fact an open question and an analysis of the attraction region of
the equilibria profiles is a topic of future research.

In Section 2.4.1 we introduced sequences and the finite improvement prop-
erty (FIP). A finite improvement sequence terminates with an equilibrium,
which is a motivation to study this approach. Due to the infinite number of
strategies, path player games do not satisfy FIP and we have to look for alter-
natives. We investigate two different approaches in this section. The first one
uses best-reply improvement sequences which are proposed in [Mil96]. We show
in this section that in path player games, best-reply improvement sequences
are in general not finite. Nevertheless, we present classes of path player games,
where best-reply sequences are finite and thus end with an equilibrium. The
second approach analyzes e-improvement sequences, which yield approximate
equilibria; see [MS96].

First, we consider the finite best-reply property, which is a greedy ap-
proach. At each step the active player chooses a best reply as a new strategy
such that the improvement of the active player’s benefit is maximized.

Definition 2.110. A best-reply sequence is a strategy sequence according to
Definition 2.82, page 61, where in each step the active player shifts to a best-
reply strategy with respect to the strategies of his competitors:
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k k—1
Thw € 1355 (550

holds for allk=1,...,N.

A best-reply sequence is called a best-reply improvement sequence if a
player will only become active if she can obtain a strict improvement, that
means if

p(k ¢f1gl(lkx ( P(k))

holds for all k=1,...,N.
A game satisfies the finite best-reply property (FBRP) if every best-reply
improvement sequence is finite.

The finite improvement property (FIP) implies the finite best-reply prop-
erty but the reverse is not true. Unfortunately, best-reply improvement se-
quences may also be infinite in path player games; that is, FBRP is not sat-
isfied in general. This fact is illustrated by the following example.

Ezxample 2.111. Consider a path player game with two players and a flow rate
r = 1. Each of the two paths consists of two edges. One is owned exclusively
by the player of this path; the other one is shared with the second player (see
Figure 2.40).

Let f1, fo be the flows of player 1 and 2. The cost of the exclusively used
edges are given by c, (f1) = —f7 + 1 for player 1 and c.,(f2) = —f2 + 1 for
player 2. The cost of the commonly used edge is ce, (f) = —(f1 + f2 —1)? + 1.
Thus, we get the cost of the paths as ¢1(f) = —f2 — (f1 + f2 — 1) + 2 and
() = —f3— (fi+ fa— 1)2+2.

Given a fixed fo, the first player will choose fi = 1/2 — f2/2 as the best
reply, whereas player 2 will choose fo = 1/2 — f;/2 for a given f;. This
best-reply mapping has a fixed point at f* = (1/3,1/3) which is also the
unique equilibrium of the game. See Figure 2.41 for an illustration of the set
of feasible solutions and the best-reply strategies. The equilibrium f* can only
be reached by the best-reply mapping if the initial flow f° has either f{ = 1/3
or f¥ = 1/3 or both. Any other start point will create an infinite best-reply
sequence; see, for example, Figure 2.42. Nevertheless, in the next theorem we
present a class of path player games that satisfy FBRP.

Theorem 2.112. Consider a path player game where for all players P € P
and for all f_p € le‘*l the best reaction sets satisfy

P C{0,dp}. (2.46)
This game satisfies FBRP.
Proof. Consider a path player game with n players P = Py,..., P,, and a best-

reply improvement sequence ¢ = (f0, f1,..., f*,...). Let d* =r =3, p fE
be the free flow rate at step k.
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Game network. Best-reply strategies. improvement sequence.

We introduce a fictitious player P = P, 1 who is “sending” the free flow
rate as her own strategy; that is, f 1’§n+1 = d* holds for all k > 0. For each player
P = Py,..., P, and each step k > 0, we define the set A’f; C{Py,...,Pui1}
that is a subset of the set of players (including the fictitious one). In addition,

for each k£ > 0, the sets A’f;l,...,fl’]%n+1 have to be a partition of the set
{P17 ey Pn-i-l}; that iS7
U 4b={(P.....P.a}, (2.47)

P=Py,...,Pyp1
AhnaAk, =0 YP4P, PP c{P,...,P,11} (248)

has to hold for all £ > 0.
In the following, we use these sets to show that in each step k, each initial
flow f9 contributes to the flow of exactly one player.

Claim: For each k > 0 there is a partition of A%, P = Py,..., P, (satisfying
(2.47) and (2.48)), such that

k 0
fp= Z ij
P]‘GA’;;,

holds for all P= Py, ..., Py 1.
We prove the claim by induction: k£ = 0.

Set AL = {P}V P=P,..., Py It follows that

> fh= I, =12

PjeAY P;e{P}

(k—1) — k.
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Assume the claim is true for step k — 1. Consider the active player P(k), who
is changing his flow from fﬁ(kl) to fllﬁ.(k). By (2.46), one of the two following
cases has to be satisfied.

(0) Foow =
(i) fp = fP(k +d" N = fag + R
In the second case, we use that the fictitious player represents the free flow

rate. Automatically, his flow ff,nH is also changed by the move of the active
player. According to the cases (i) and (ii) we have

(Z) f}f’n - P,LJrl +fp(k
(i) f,’§n+1
Furthermore, f& = f& ! holds for all P ¢ {P(k), P,y1}.
For case (i), set AP(k) =0, A} . A’; LUAI;D kl ,and Al = A1y P ¢
{P(k), Py+1}. This is a partition, as (2.47) and (2. 48) are satisfied. Further-

more, we have
Z fgj - foODj =0,

P; eAP(}c) P;el
0 _ 2 : 0 § : 0 _
E ij - ij ij - Pn+1 +fp(k)v (2'49)
k—1 k—1
PjeAk Pyt PieAp L, Pie AL

and for all P ¢ {P(k), Poy1}:

Z fgj: Z flga‘:fllg_l:fllg'

PjeAl PjeAk?

Note that in (2.49) we use that A];;il and A’;D?,i) are disjoint, because by
the induction hypothesis (2.48) is satisfied.

For case (i4), set AP(k) = Ak 1 UA%- il, Ap  =0,and A} = Aty pg
{P(k), Pyy1}. This is a partition as (2.47) and (2.48) are satisfied. Further-

more, we have

Z fe, = Z fr, + Z flO’J: fP+1’ (2.50)

k—1
P; GAP(k) PJeAP(k) PjeAL” e
0 _ _
> =2 =0
P; EA’;D 1 Pl

and for all P ¢ {P(k), P11}

Y. fe= ) == 1k

Pje Ak, PjeAk?
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In (2.50) it is used that A’;‘);il and Al;?kl) are disjoint, because by the
induction hypothesis (2.48) is satisfied.

This last case finishes the proof of the claim.

There are a finite number of possibilities to partition {Py, ..., P11} into
sets A%. Thus, the number of different flows f* that can be obtained by a
best-reply improvement sequence is finite. Furthermore, in a best-reply im-
provement sequence, no flow f is visited twice. This is true as the path player
game is a potential game and thus, for a best-reply improvement sequence, a
strict improvement of the potential function II(f) is required in each step. By
this argument, a cycle does not exist in any best-reply improvement path, and
in addition the number of different flows f* is finite, therefore each best-reply
improvement path is finite. a

Corollary 2.113. The following classes of path player games satisfy FBRP.

—  PPG with cost functions c. that are linear in fp
—  PPG with cost functions c. that are strictly increasing in fp
—  PPG with cost functions c. that are strictly convex in f,

The corollary follows immediately from Theorem 2.112, as the described
cost functions attain their maximum on the boundary of a compact interval.
As terminal flows of maximal best-reply improvement sequences are equilibria,
we can determine equilibria for the presented classes of path player games
within a finite number of steps.

For general path player games, Example 2.111 illustrates that best-reply
improvement sequences may be infinite. Therefore, we need to consider other
ways for the determination of Nash equilibria. In the next approach, we de-
termine approximate equilibria, which are described in [MS96].

Definition 2.114. For ¢ > 0, a sequence ¢ = (f°, ... f* ...) is an e-
improvement sequence if for all k > 1 it holds

bpey(fr) > bpy (fr—1) +e.

A game T satisfies the approximate finite improvement property (AFIP) if
for all e > 0 every s-improvement sequences is finite.

A maximal finite e-improvement sequence yields a terminal flow, where no
player is able to improve the benefit by more than €. We define the following.

Definition 2.115. For e > 0, a flow f€ that satisfiesV P € P andV fp > 0,

bP(fith;) > bP(fiPafP) -,

is called an e-equilibrium.

Clearly, if an e-improvement sequence is finite, it terminates with an e-
equilibrium. Note that e-equilibria may be infeasible. See Lemma 2.32, page 28
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for a characterization of infeasible equilibria in path player games. However,
the only possibility to obtain an infeasible e-equilibrium f* as the terminal
flow of an e-improvement sequence is that the sequence has started with f*.
In this case, the sequence has length zero. We neglect this degenerated case
and concentrate on feasible e-equilibria.

Theorem 2.116. The path player game satisfies AFIP.

Proof. Consider an e-improvement sequence . First assume the initial flow
f° of ¢ is infeasible. Then, two cases may take place: Either no player is able
to improve his benefit; that means f° is an equilibrium and ¢ terminates with
N = f% and I(¢) = 0 or, there is at least one player who is able to improve
her own benefit by creating a feasible flow within one step. Then f! of ¢ is
feasible.

For an improvement sequence it holds that if f* is feasible, the subsequent
flow f**1 is feasible, too. Thus it is sufficient, for the remaining proof, to
consider the set of feasible flows F as e-improvement sequences with () > 0
will either start in F or jump into F in the first step.

The benefit functions in path player games are bounded for f € F, as
bp(f) = cp(f) is continuous over the closed set F. Thus, the restricted po-
tential function II(f), which exists according to Theorem 2.96 (page 68), is
bounded as well. As an e-improvement sequence increases the restricted po-
tential function values by at least an £ > 0 in each step, each e-improvement
sequence has to be finite. O

Note that AFIP is also satisfied for any exact potential game with bounded
benefit functions, which is a result of [MS96]. If we increase the precision for
an e-improvement sequence by decreasing ¢, we obtain a sequence of feasible
e-equilibria. By the following lemma, accumulation points of that sequence
are equilibria, thus e-improvement sequences can be used for the computation
of equilibria with a given precision.

Lemma 2.117. Consider a path player game and a sequence of feasible e-
equilibria f*(e) that is given for ¢ — 0. Any accumulation point f* is a
feasible equilibrium of the path player game.

Proof. First, note that feasible e-equilibria exist for each € > 0 as path player
games satisfy AFIP. Furthermore, by the feasibility of e-equilibria, the se-
quence {f*(g)}e—o is bounded. Hence, by the Bolzano-Weierstrass theorem,
it has an accumulation point; that is, we can find a subsequence f*(&*) that

converges to f* for k — oo. Furthermore, &F "Z% 0 because this holds for
each subsequence of the original sequence.
By the definition of e-equilibria it has to hold for each £ > 0 that

be(fZp(e), fp(e)) —br(fip(e), fr) 2 VPePVfp=>0.  (2.51)

Now consider the limit of (2.51):
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lim bp(f2p(e), fp(e)) = lim bp(f2p(e), fp) = lime ¥V PP, Vfp > 0.
E— E— £e—

Because we assume continuous functions c., the benefit, which is given as
bp(f) =cp(f) for f € F, is upper semi-continuous for f € F and we rewrite:

bp (1im £ p(2), lim f2(e)) = bp (lim f*p(e), fp) 20V P€P,Vfp >0
e—0 e—0 e—0
S bp (f2p,fp) —bp (fip,fr) 20 VPEPYfp20;
thath is, f* is a feasible equilibrium. O

The following theorem is obtained directly from the previous lemma.

Theorem 2.118. In path player games with continuous cost functions c., fea-
sible equilibria exist.

The above argument provides an alternative proof of the existence of pure
strategy equilibria in path player games. Note that the existence of equilibria
is also a direct consequence of Theorem 2.102, where it is shown that the solu-
tions of a particular optimization problem are equilibria. See Theorem 2.103
on page 73 for the corresponding existence statement. These two approaches
of proving the existence of equilibria are motivated by the existence of po-
tential functions for that kind of games. In addition, there is a first existence
proof that uses a fixed-point argument; see Theorem 2.31 on page 24.

Note that Monderer and Shapley have provided in [MS96] a sufficient
condition for the existence of equilibria in infinite potential games. However,
as path player games have noncontinuous benefit functions, they do not satisfy
the requirements in the reference.



3

Games on Polyhedra: A Generalization

Given a polyhedron S C R™ and payoff functions ¢; : S — R, one for
each player ¢ = 1,...,n, find a coordinate x; for each player such that
x = (x1,...,2,) lies within S and the payoff of each player is maximized
with respect to the chosen coordinates of the competitors x_;.

3.1 Introduction

In this chapter, a generalization of path player games is investigated. Games
on polyhedra is a class of infinite games, in which the set of feasible strategies
of a player depends on the strategies chosen by other players. We present
results for special instances of payoff functions concerning equilibria and their
existence and dominated solutions. Moreover, we show how such games can
be transformed to equivalent games on a hypercuboid and investigate the
existence of a potential.

The game on a polyhedron is played by a finite number of players, ¢ =
1,...,n. Each of these players chooses a strategy z; such that the vector of
strategies « = (2;)i=1,...n, which we call the solution, lies within a polyhedron
S(A,b) = {z : Az < b}, where A = (aj;) € R™*" and b = (b;) € R™ are
the parameters of the game. By this restriction, the set of strategies a player
is allowed to choose from depends on the strategies the other players choose.
This is the crucial property of generalized Nash equilibrium (GNE) games, a
class of games to which the games on polyhedra belong. We present a short
review of the literature about GNE games at the end of this section. The
payoff is represented by a continuous mapping ¢ : S(A,b) — R™, where ¢;(z)
denotes the payoff of player i. The vector x_; € R*~! is given by x_; =
(.%17 ey L1, L1y - - - ,xn).

Definition 3.1. For a given x_; the set of feasible strategies for the ith player
is denoted by

Si(a—s) = {wit A@r,. o ymie . w) " <),

S. Schwarze, Path Player Games, DOI 10.1007/978-0-387-77928-7_3, 85
(© Springer Science+Business Media, LLC 2009
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We say the vector x_; is feasible if S;(x_;) is nonempty, and infeasible oth-
erwise.
A solution x is feasible, if x € S(A,b) and infeasible otherwise.

FEzample 3.2. Consider a path player game with no security limit; that is,
wp =0V P € P (see page 12). If we consider only feasible flows and neglect
infeasible ones (see generalized path player games, Section 2.4.2 on page 64),
the game can be modeled as a game on a polyhedron S(A,b). Let the number
of players be given by n = |P|. The (n+1) x n-matrix A and the n-dimensional
vector b describe the game on the polyhedron:

1 1.1 )
1 0... 0 :

a | o-1of 4|
0 0... -1 0

See Figure 3.1 for the visualization of the polyhedron S(A,b) for a path
player game in the two-player version.

T2

T Ll

T

Fig. 3.1. Polyhedron for a path player game with two players.

If we have in contrast a path player game with security limits wp > 0, the
representation as a game on a polyhedron is not so simple. We suggest two
possibilities.

— Game on polyhedron with noncontinuous payoffs. A path player game with
general security limits wp > 0 can be modeled as a game on a polyhedron
if noncontinuous payoffs are allowed.

Consider a player P with cost ¢p(f) and let P be the ith player. In the
game on a polyhedron the payoff of player P is modeled by

() = {Ep(f) if fp>wp

Kp if fp<wp.
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This approach has the main disadvantage that results of the following sec-
tions (e.g., the existence of potential functions) cannot be applied within
this approach, because they do not hold for noncontinuous payoff func-
tions.

— Security limit as hard constraint. If we consider the inequalities fp > wp
as constraints of the game (i.e., we do not allow a security payment kp),
we can model the path player game as a game on a polyhedron. By adding
the constraints fp > wp to the description of the S(A,b) we obtain:

1 1... 1 r
-1 0 0 —W1
Al o-1.0 0] | —w
0 0 -1 —Wy,

This approach is interesting in cases where kp is used as a penalty for
infeasible flows. For instance, this is true in line planning games, which
are described in Chapter 4. Although we have a different structure of
security limits in line planning games, they can be modeled as games on
polyhedra without problems. See the referred chapter for details.

Ezample 3.3. Consider a game on a polyhedron with

11 3
-1 1 2

A= -1-1| b= -1],
-1 0 0
0-1 0

as illustrated in Figure 3.2. For a given z_; = (1) we have
S1(1)={r1:21 <2, -2, <0, -1 <1} = {2, : 0 < 2y <2}
that is, z_1 = (1) is feasible. Also solution x_; = (2.5) is feasible with
S1(2.5) ={z1: 21 <0.5,—x1 < —-0.5,—z1 <1.5,—x1 <0} ={0.5}.
The vector z_; = (3) is infeasible because it yields S;(3) = 0.

In the game on a polyhedron, the players want to maximize their payoffs
with respect to the decisions of their competitors. The equilibrium in this
game is defined in the following way.

Definition 3.4. A feasible solution x* is a generalized equilibrium (in short:
equilibrium) if and only if for all players i =1,... ,n it holds that

cixr, x)) > e(xr,,x) Y a; € Si(z). (3.1)



88 3 Games on Polyhedra: A Generalization

Fig. 3.2. Example 3.3.

Games on polyhedra are instances of the class of generalized Nash equi-
libria (GNE) games. In GNE games, a player i chooses from a strategy set
Si(z_;) that is dependent on the strategies x_; of the competitors. S denotes
the set of feasible solutions; that is, S = {x : z; € S;j(z_;)) Vi =1,...,n}
(in games on polyhedra, S is a polyhedron). For these types of games we find
different names in the literature: GNE games [Har91], social equilibria games
[Debb52], and abstract economies [AD54].

In terms of practical relevance of GNE games, Fukushima and Pang [FP05]
applied the GNE theory to the multi-leader—follower problem. The strategies
of the leaders are independent of the other players, whereas the follower’s prob-
lem is a GNE game that is restricted by the strategies of the leaders. Harker
[Har91] proposes the following example for that application. A government
sets a maximum pollution level for a common used resource, for example, a
body of water.

Another application is given for games on squares (see [Owe95]) where we
have two players and the polyhedron is given as a square. An example for a
game on a square is the game of timing, where the players have to choose a
point in time for an activity (e.g., selling a good) within a given time frame.
A player wins if he becomes active later than the opponent. As S is a square,
the two players do not influence each other’s strategy sets, such that the game
could be called a degenerated GNE game. In [Owe95], mixed strategies are
considered for investigating games on squares. In addition, for concave payoffs
it is shown that equilibria in pure strategies exist.

Concerning the existence of equilibria, the generalized definition of the
strategy sets makes the problem difficult. If there are no assumptions on the
nature of the strategy sets and on how the players affect each other’s strategy
sets, then it is already a difficult problem even to find a feasible solution; that
is, a solution that lies in the strategy sets of all players (see [FP06]). Thus, the
existence of generalized equilibria is an often-discussed question and various
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existence theorems have been proposed in that area. Debreu [Deb52] and
Arrow and Debreu [AD54] showed the existence of generalized equilibria on
a compact and convex set S and for continuous and quasi-concave payoffs by
using a fixed-point argument. Rosen [Ros65] has also studied instances of GNE
games where S is a convex and compact set. Furthermore, he restricted his
research to concave payoffs. He proved the existence of equilibria for this game
by using a fixed-point argument. Even more, for particular payoff functions
he showed uniqueness of the equilibria. Computation of these problems using
gradient methods was discussed. Harker [Har91] exploited the relation of the
GNE problem and quasi-variational inequalities (QVI). For concave payoffs
(in a maximization problem), GNE games can be described as QVI problems,
and thus existence results can be transferred from QVI problems to GNE
games. Harker used a result from Chan and Pang [CP82] stated for QVI
problems, to prove the existence of GNE for continuous and concave payoffs
¢;, provided that the mapping that describes S;(z_;) is nonempty, continuous,
closed, and convex. Finally, in Section 2.4.2 we introduced the generalized path
player game which can be described as a GNE game. In particular, it is an
instance of the class of games on polyhedra. In Theorem 2.31, the existence of
equilibria even in the case of a special type of noncontinuous payoff is proved.

In terms of uniqueness of equilibria, it cannot be guaranteed in general,
as we can find examples where multiple equilibria appear quite often, for
example, in generalized path player games; see Section 2.4.2.

Concerning computational questions, Facchinei and Pang [FP06] propose
a penalty method for solving the GNE problem. In their approach, the strat-
egy sets of the players are not restricted any more, but infeasible strategies
get punished with an additional negative term in the payoff, related to the
Langrangian relaxation approach. Note that either no or all players get pun-
ished, because the complete solution x is always feasible or infeasible. The new
unrestricted problem can be solved using techniques from nonlinear optimiza-
tion, for instance, Karush—Kuhn—Tucker or Fritz—John points. Fukushima and
Pang [FP05] introduce an iterated penalty method where a sequence of varia-
tional inequality problems are solved to obtain a solution of the QVI problem.
To ensure the relation to the GNE game, concavity of the payoffs (for max-
imization) is required here. A penalty approach is also used in path player
games, introduced in Chapter 2, where infeasible strategies get punished with
a constant negative payment —M.

Introducing games on polyhedra in this chapter, we describe an instance
of the GNE games not discussed in the literature yet (apart from the games
on a square, which are not GNE games in the classical sense), as to our
knowledge no one has restricted the set S to be a polyhedron. In contrast to
[Deb52, AD54, Ros65] and the approaches using QVI, we use for the beginning
no restrictions on the payoff functions (apart from continuity). Later on, we
restrict the payoffs, but by different assumptions from those in the mentioned
references. As a result, existence of equilibria in games on polyhedra is not
given in general. Nevertheless, existence is shown for linear payoffs, for strictly
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increasing payoffs, if the path player game property (see Definition 3.35) holds.
Also, we describe algorithmic approaches for the computation of equilibria for
special instances of games on polyhedra. Potential functions are studied and
their existence is proved for two classes of games on polyhedra.

The order of the next sections is as follows. In Section 3.2, we discuss the
existence of equilibria and their relation to nondominated solutions. In the
same section, we introduce complete characterizations of the set of equilibria
for two special instances of games on polyhedra. The game on a polyhedron
is extended to a game on a hypercuboid in Section 3.3, which results in a
game with independent strategy sets. In Section 3.4, potential functions for
games on polyhedra as well as for games on hypercuboids are developed. These
potential functions deliver additional insights on existence and computation
of equilibria in the considered games.

3.2 Equilibria and Nondominated Solutions

Equilibria in games on polyhedra were already given by Definition 3.4. We
have assumed continuous payoffs in these games, which is not sufficient for
the existence of equilibria, as the following example illustrates.

Ezample 3.5. Consider a game on a polyhedron S(A,b) with

as illustrated in Figure 3.3. The payoff is given by: ¢;(x) = — (21 — 22)? and
ca(x) = (z1 — x2)%. Note that ¢; is concave in z; and cy convex in zp. As
the players want to maximize their payoffs, player 1 will try to minimize the
distance between x1 and x5, whereas player 2 will try the opposite.

This game has no equilibrium. Suppose there were an interior point of S
that was an equilibrium. Then either 1 = x5 or x1 # 2 would hold. In the
first case player 2 could improve his payoff by increasing (or decreasing) s
by an e sufficiently small. In the latter case player 1 is able to improve ¢;(x)
by setting

_ { 1+ if 9 >y
T = . 5
r1 — € if o <1

with e sufficiently small. Hence, no interior point is an equilibrium. Also, no
point on the boundary of S can be an equilibrium point:

For {z = (0,22) : 0 < 29 < 1} player 2 can improve his payoff by choosing
To = 1.

For {z = (z1,1) : 0 < 1 < 0.9} player 1 improves with 7; = 0.9.
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Ll

Fig. 3.3. No equilibrium exists.

For {z = (z1,22) : ©1 + 22 = 1.9, 21, 22 > 0.9} player 2 improves with Zo = 0.
For {z = (1,22) : 0 < 2 < 0.9} player 2 improves with Z5 = 0.
For {z = (21,0) : 0 < 2y < 1} player 1 improves with Z; = 0.

Nevertheless, equilibria may exist for the same c¢;(z) and co(z) in other
polyhedra. For instance, consider polyhedron S(A,b), with

11 2
1-1 1
A=1]-1 1 b=1|1]1,
-1 0 0
0-1 0

as illustrated in Figure 3.4. Here z* = (0.5,1.5) is an equilibrium, provided
that the payoff functions are ¢y, co as given before. Then we have for player
1: S1(1.5) = {0.5} and for player 2: S3(0.5) = [0, 1.5], where

0.5 —125)% =1
$2ga}f<5] ( 72)

is obtained for x5 = 1.5.

3.2.1 Existence and Characterization of Equilibria for Linear
Payoffs

To investigate the existence of equilibria, we consider only compact polyhedra,
as for noncompact polyhedra we can easily construct instances where equilib-
ria do not exist. Note that a polyhedron S(A,b) = {z : Ax < b} is closed by
definition, such that it will be sufficient to require bounded polyhedra S(A, b).

Consider games on compact polyhedra and with linear payoffs ¢;(z) =
doi—q @iz, iy € R We neglect the trivial case, where a; = 0 holds for all
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> T

/

Fig. 3.4. An equilibrium exists.

i=1,...,n, as in this case every feasible solution is an equilibrium. For these
games, we present a necessary and sufficient condition of equilibria. Let
1 if a>0
sgn(a)=¢ —1 if a <0 .
0 if a=0

Theorem 3.6. Consider a game on a compact polyhedron S(A,b), where the
payoff functions are linear (i.e., ¢;(x) = Z?Zl iz, ai; € R). We assume
Ji: iy # 0. Furthermore, consider the following linear program,
n
mastgn(aii)/\ixi subject to x € S(A4,b). (3.2)

i=1
In this game, the following hold.

(a) If the solution x* is an equilibrium, then there exists a vector X € R} that
satisfies \; > 0 Y i with a;; # 0, such that x* solves (3.2).

(b) For all X € R} that satisfy A\ > 0V i with ay; # 0, the optimal solution
of (3.2) is an equilibrium.

Proof.
Part (a) z* equilibrium = 3 X € R%} : \; > 0V i with a;; # 0, such that 2*
solves (3.2).
As z* is an equilibrium, it has to lie on the boundary of S(A, b): Suppose not;
that is, * is an interior point. Then there exists a player ¢ and an improvement
direction v;, (with v; being the ith unit vector) such that 2* + dv; is in S(A, b)
for some positive and sufficiently small §.

It follows that there is a constraint j such that it holds:

Zaﬁxf = bj. (33)
i=1
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We fix:
laji| if o #0 A sgn(ou;) = sgn(aj;)

/\i = 3 if (6773 7& 0 A sgn(aii) #Sgn(a]—i) 5 (34)

with € > 0, sufficiently small. Furthermore, we define the two sets:

Gir={i:ai; #0 A sgn(as) =sgn(ai)},
Go={i:ay #0 A sgn(a) # sgn(azi)} -

Then we get:

zn:sgn(aii)/\iﬂﬁi = Z aj;; + Z € sgn(a;) ;. (3.5)
=1

i€Gy 1€G2

Suppose z* is not optimal for (3.2) with the choice of A; according to (3.4).
Then there exists an & € S(A,b) with

n n
Z sgn(ay; ) \ix; > Z sgn(ag; )iz}
i=1 i=1

by:(?)>5) Z ajizii + Z S sgn(aii)fi > Z ajixf + Z € Sgn(aii)x;‘

i€G1 iEGQ i€G1 i€G2
= Z a;ix; > Z ajixf + Z € sgn(aii)[x;‘ — .fl]
i€Gy i€Gy 1€Go
by (3.3) _ =
y:> Z aj;Tq > bj — Z ajixf + Z 5 sgn(aii)[a:f — ZEZ] (36)
i€Gy i€Ga 1€Go

By Z € S(A,b) we have:

Z ajz-:Ei é bj — Z ajizfci

i€G2 1€Gy

by (3.6)
< Z ajix; — Z e sgn(agi)[z; — 7).
i€Ga i€Ga
Thus, for € sufficiently small we can find an i € Go such that

aﬁ-@ < aﬁ-xz (37)

by iea:
y§> : Oéﬂfi > aﬂxz (38)
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By (3.3) and (3.7), we have

n
Zajixf +a;;r; = bj —ajl'l‘; + a7 < bj.
i —_———
i <0

Following this, the solution (x*_i , ;) is feasible with respect to constraint
j. If x* satisfies more than one constraint with equality, the feasibility still
holds. In this case due to the same argument, there has to be an 7 in G5 that
satisfies (3.7) for an e sufficiently small and with respect to all considered
constraints. We conclude that by (3.8), z* is not an equilibrium.

Part (b) Let A € R} : \; > 0V i with ay; # 0 and 2* be optimal for (3.2)
= z* equilibrium.

Consider such a solution x*. Assume that z* is not an equilibrium. Then
. . * * *
=3It x) > c(at,,x))
n n
= E OlijQC; + o > E Oéijl'; + Oé“x:
J=1,j#i J=1,j#i

:>aii7é0 = A\ >0

= i > oziix;k = sgn(aii)/\ixi > sgn(a“))\la::‘

n
= Z sgn(a;;) A} + sgn(os) Az
PRy

n
> Z sgn(ozjj)/\jx;f + sgn(aii))\ix;‘,
Jj=1,j#i

which contradicts 2* solving (3.2) for all A € R} : X\; > 0V ¢ with ay; #0. O

Lemma 3.7. In a game on a nonempty compact polyhedron S(A,b) with lin-
ear payoff functions ¢;(x) = Z?:l a;;xj, o € R, equilibria do exist.

Proof. In the trivial case that a;; =0V ¢ =1,...,n holds, each feasible flow is
an equilibrium and the claim follows. In all other cases we apply Theorem 3.6.
As S(A,b) is compact and the objective function in (3.2) continuous, optimal
solutions of (3.2), and thus equilibria, exist. O

The next corollary is given by the fundamental theorem of linear program-
ming theory (see, e.g., [HK00]) and is a direct consequence of Theorem 3.6.

Corollary 3.8. Consider a game on a nonempty compact polyhedron S(A,b)
with linear payoff functions ¢;(x) = Z?:I a5, oy € R, such that there is an
1 with ai; # 0. In this game, each equilibrium lies on the boundary of S(A,b),
and there is at least one equilibrium that lies in an extreme point of S(A,b).
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3.2.2 Existence and Characterization of Equilibria for Strictly
Increasing Payoffs

For games with payoff functions ¢;(x) that are strictly increasing in x;, we show
that equilibria exist and present a characterization of the set of equilibria. The
first part of the proof of the next theorem uses the idea of the proof concerning
Theorem 3.6.

Theorem 3.9. Consider a game on a compact polyhedron S(A,b), where the
payoffs c;(x) are strictly increasing in x;. Furthermore, consider the following
linear problem,

maxz Niz;  subject to x € S(A,D). (3.9)
i=1

In this game, the following hold.

(a) If the solution x* is an equilibrium, then there exist \; > 0,i = 1,...,n,
such that x* solves (3.9).

(b) For all \; > 0,i = 1,...,n, the optimal solution x* of (3.9) is an equilib-
TIUm.

Proof.
Part (a) z* equilibrium = 3 A; > 0,7 = 1,...,n, such that z* solves (3.9).

As z* is an equilibrium, it has to lie on the boundary of S(A,b): Suppose
not; that is, 2* is an interior point. Rhen there exists a player ¢ and § > 0
sufficiently small such that 2° = (z*,, 27 + 0) is in S(A,b). By the strictly
increasing payoff functions, ¢;(z°) > ¢;(z*) holds which contradicts 2* being
an equilibrium.

It follows that there is a constraint j such that it holds:

i=1

We fix:

A=

a;; if sgn(a:;) =1
{J g(a) (3.11)

9 if sgn(ajz-) # 1 '

with € > 0, sufficiently small. Furthermore, we define the two sets:
Gy = {i:sgn(a;;) =1},
GQ = {’L : sgn(aji) # 1} .

Then we get:
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1=1

i€Gy 1€Go

Suppose z* is not optimal for (3.9) with the choice of A; according to
(3.11). Then there exists an © € S(A,b) with

n n
Z )\ii‘i > Z Azxf
i=1 =1
by 312 D wmit Y e x> Y ajm+ Y e

i€Gy 1€Go 1€Gq 1€Go
= Zaﬂxz> Zaﬂx + Z x —xz
i€eGq 1€G i€Go
by (3.10
y(:> ) Zaﬂxl>b —Zaﬂx +Z [z — 7). (3.13)
i€Gy 1€G2 1€G2

By z € S(A,b) we have:

Z Q;i%; < bj — Z Q%4 (314)

i€Ga i€Gy

Z ajix; — Z e [x] — 7). (3.15)

i€Ga i€Ga

by (3 13)

Hence, for ¢ sufficiently small we can find an i € G5 such that
aji%; < a;ix;

by ica
:>a]z7é0 yIEQaﬁ<O

= Z; > ;.

By (3.10) and (3.14), we have

Zaﬂaﬁ +ajT; = b; aﬂx +a;;%; < bj.
—_———

’L;él <0

Thus, the solution (z*;,7;) is feasible with respect to constraint j. If 2 sat-
isfies more than one constraint with equality, the feasibility still holds. In this
case due to the same argument, there has to be an ¢ in Gy that satisfies (3.8)
for an e sufficiently small and with respect to all considered constraints. As
¢i(x) is strictly increasing in x; and by (3.15) we have a contradiction to x*
being an equilibrium.
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Part (b) Let \; > 0,i =1,...,n and «* be optimal for (3.9) = z* equilib-
rium.

Consider a solution z* of (3.9) for any \; > 0,7 = 1,...,n. Assume that * is
not an equilibrium. Then

*

= 34,3z (e, x5) > ci(xt,xf)

*
:>l'j>$j

n n
= fo +xz; > fo + 7,
7 7
which contradicts z* solving (3.9) for all A; > 0,i=1,...,n. O

Lemma 3.10. In a game on a nonempty compact polyhedron S(A,b) with
payoff functions c;(x) that are strictly increasing in x;, equilibria do exist.

Proof. As S(A,b) is compact and the objective function in (3.9) continuous,
optimal solutions of (3.9) exist. By Theorem 3.9 the result follows. O

Corollary 3.11. In a game on a nonempty compact polyhedron S(A,b) with
payoff functions strictly increasing in x;, each equilibrium lies on the boundary
of S(A,b) and there is at least one equilibrium that lies in an extreme point

of S(A,b).

3.2.3 Existence and Characterization of Equilibria for Convex
Payoffs

Convex payoffs are not sufficient for the existence of equilibria in games on
polyhedra, as the following example shows.

Ezample 3.12. Consider a game on a compact polyhedron S(A,b) with two
players. A and b are given by

OO ==

that is, S(A4,b) is a square. The convex payoffs are given by c¢1(x) = (z1 +
29 — 1)? and co(x) = (21 — 22)?%. Player 1 will try to maximize the distance
of the sum of both strategies and the value 1. That means, if player 2 plays
a strategy less than 0.5, player 1 will set 1 = 0; if player 2 chooses x5 to be
larger than 0.5, player 1 will set 1 = 1. For x5 = 0.5 player 1 will choose 0
or 1 without preference as both strategies yield the same payoff.
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Player 2 will try to maximize the distance between x; and xo; that is, for
r1 < 0.5 she will set 25 = 1 and for 27 > 0.5 she will choose x5 = 0. Also for
x = 0.5 she chooses x5 equal one or zero.

In this game no equilibrium exists. If |21 — 23| < 0.5, player 2 will have
incentive to change her strategy (possibly also player 1 wants to change strat-
egy, but not necessarily). For |x1 — 22| > 0.5 at least player 1 has incentive for
changing the strategy. If we have |z1 — 2| = 0.5, either both players want to
change strategy (if z1,z2 € (0,1)), or the player that plays 0.5 has incentive
for changing the strategy.

Lemma 3.13. Consider a game on a polyhedron such that there is a player
k with payoff cx(x) strictly convex in xy. In such a game, all equilibria lie on
the boundary of the polyhedron, if they ezist.

Proof. Assume there is an equilibrium z* which is an interior point of S(A,b).
Then there is an ¢ > 0, sufficiently small, such that (z*,,z; £¢) € S(A,b).

Either d = v, or d = —v; (with v being the kth unit vector) is an
improvement direction. Thus, we can find a solution (z*,,x)) such that
cx(z* ), xr) > cx(z*,, x}) which contradicts the assumption. O

3.2.4 Nondominated Equilibria

The definition of dominance in games on polyhedra keeps to the classical
definition of dominance in multicriteria literature (see, e.g., [Ehr05]). Let u €
R* and v € R*. We write u 2 v if u; > v; Vi = 1,...,k holds and if there is
a j such that u; > v; is true. We recall Definition 2.68 (page 50) from path
player games, in the notation of games on polyhedra.

Definition 3.14. A solution & is called dominated if there exists a dominat-
ing solution; that is, a solution x such that

c(z) Z c().
Otherwise, & is called nondominated.

Dominance with respect to a particular game on a polyhedron, namely the
path player game is described in Section 2.3.

The set of nondominated solutions in a game is denoted by ND(I"). This
set is interesting, because it contains those solutions that are reasonable for
the players. Solutions outside ND(T") are not preferable as we can find at
least one solution in ND(T') such that no player receives a smaller payoff
and at least one player is able to increase his payoff. It is now of special
interest to compare the set of equilibria, which we denote with NE(I'), with
the set ND(I'). Already for linear payoffs and in games with two players,
the four variants: ND(T') = NE(T'), ND(I') ¢ NE(T'), ND(I') > NE(T),
and ND(T') N NE(T') = () may occur. We demonstrate this in the following
examples.
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Ezample 3.15 (ND(T') = NE(T)).

We consider a two-player game on a polyhedron with two players and the linear
payoff functions ¢;(z) = x; and ca(x) = x9. Figure 3.5 illustrates polyhedra
where ND(T') = NE(T') holds. The three examples show that the sets lie on
one or several faces of the polyhedron.

ND=NE
ND=NE

Fig. 3.5. ND(I') = NE(T").

Ezample 3.16 (ND(T") ¢ NE(I)).

For a game on a polyhedron with two players and linear payoff functions
c1(z) = C, C constant and co(xz) = x2 we obtain ND(I') ¢ NE(T) for a
polyhedron as illustrated in Figure 3.6. Here ND(T") consist of a single solution
whereas NE(T) is described by two facets.

T2

® ND

= ND
O NE

H»—T»rl >

Fig. 3.6. Fig. 3.7. Fig. 3.8.
ND(T") ¢ NE(I). ND(T") D NE(I). ND((') N NE(T") = 0.

Ezample 3.17 (ND(T') > NE(T)).
For a game on a polyhedron with two players and linear payoff functions
c1(z) = —x1 + 222 and cx(z) = —x2 we obtain ND(I') D NE(T') for the
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polyhedron illustrated in Figure 3.7. Here, NE(T') = {(0,0)} and ND(T") =
{reS:z =0}

Ezample 3.18 (ND(I') "N NE(T') = 0).

For a game on a polyhedron with two players and linear payoff functions
c1(z) = 1/221 — a9 and co(z) = —x1 + 1/229 we obtain ND(T') # NE(T') for
the polyhedron illustrated in Figure 3.8.

As path player games (with no security limit) are instances of games on
polyhedra, Example 2.75 on page 56 shows that ND(T') ¢ NE(I') A ND(T') 2
NE(') A ND(T') N NE(T') # () may also hold (Note that the other examples
from Section 2.3.2 are also valid for games on polyhedra).

3.3 Extension to a Game on the Hypercuboid

In this section, we describe a way to transform games on polyhedra to a
new type of game, namely to games on hypercuboids. The intention of this
approach is to get rid of the nonstatic strategy sets that are for games on
polyhedra related by constraints. Instead, we create fixed strategy sets for all
players, which are consequently easier to analyze. In the following, we also call
the game on a polyhedron the original game and the game on the hypercuboid
the extended game. After formally defining these games, we investigate the
relation between equilibria in these games.

For our purpose, we consider the smallest hypercuboid H(A,b) that con-
tains the polyhedron S (A, b).

Definition 3.19. Given a game on a polyhedron S (A,b), we define the strat-
egy set for the corresponding extended game on the hypercuboid H(A,b) by

hi = U Sl (.Z‘_Z').
r_;ERn—1
The hypercuboid H(A,b) corresponding to S(A,b) is given by

n

H(Ab) =[] b

i=1

The set h; contains all ; such that a feasible strategy vector (x;, z_;) can
be found. Thus, h; may alternatively be described as

h; = {xl :32_,; € R"! such that (x_j,x;) € S(A,b)}.

Note that H(A,b) is unbounded if and only if S(A4,b) is unbounded.
In most cases, the strategy set of a game on the hypercuboid will be
larger than that of the corresponding original game on the polyhedron. Thus,
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the definition of payoffs has to be extended. The payoff for a game on a
hypercuboid is defined such that it represents the original payoff of the game
on the polyhedron for all solutions within S(A,b). For infeasible solutions
outside the polyhedron, however, a penalty is introduced. In the following, we
assume that the cost ¢; : H(A,b) — R is given on the complete hypercuboid.

In fact, the assumption to have ¢ = (ci)i:L.__,H given over the complete
H(A,b) is realistic. In many restricted problems, such as questions from pro-
duction planning or in traffic optimization, we can expect to have a cost or
payoff function given for a general domain, for instance, the nonnegative cone
R?, whereas later the set of feasible solutions is described by a set of lin-
ear or nonlinear constraints. We consider just linear constraints and obtain a
polyhedric feasible set S(A,b).

Definition 3.20. Given a game on the polyhedron S(A,b) with payoff func-
tion ¢ : H(A,b) — R™. The payoff for the corresponding extended game on
the hypercuboid H(A,b) is for x € H(A,b) given by

Hip ci(x) if xeS(ADb)
| -M+ ci(xz) else

where M is a large number, at least

If we fix the strategies of the competitors x_;, we can rewrite the payoff of
any player ¢ such that it depends only on x;. We denote this one-dimensional
payoff by & (z;).
~H( ) Ci(m—i,mi) if x; € Si(x_i)
C: €T; = .

v —M + c¢i(z_;,x;) else

Definition 3.21. A solution x* € H(A,b) is an equilibrium in a game on a
hypercuboid if and only if for all players i =1,...,n it holds that

CZH(;U*_l-,x;‘) > cfl(x*_i,xi) Y x; € h;.

Note that the game on a hypercuboid is not generalized anymore. Further-
more, a game on a hypercuboid is a game on a polyhedron itself, although a
degenerated one.

The following lemmas describe relations between the original equilibria
in the game on polyhedra and the corresponding extended game on hyper-
cuboids.

Lemma 3.22. A solution x* is an equilibrium in a game on a hypercuboid

H(A,b), if it is an equilibrium in the corresponding game on the polyhedron
S(A,b).
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Proof. As z* is an equilibrium in the game on the polyhedron S(A,b) we get

= c(zr,,xf) > c(a;,m) Vi, V€ Si(v;)
= cH(x*,,27) > cH(z*,,2;) Vi, Va; €Si(z_y) (3.16)
= cH(z*, ar) > cH(x* ,,2;) Vi, Va; €h,, (3.17)

and thus, z* is an equilibrium in the game on H(A, D).
Inequality (3.16) is true due to z* € S(A4,b), and (3.17) holds because
cH(z) = —M + ¢;(z) for all solutions = within H(A,b) but outside S(A,b).
O

The reverse conclusion of Lemma 3.22 does not hold in general, as the
following example illustrates.

FEzample 3.23. Consider a game on a polyhedron with three players and

b=

OO O

1
0
0
1

The polyhedron S(A,b) is presented in Figure 3.9. The corresponding hyper-
cuboid H(A,b) is given by the strategy sets h; = [0,1],7 = 1,2, 3.

Given the payoff functions ¢;(x) = z;, ¢ = 1,2, 3, the solution z* = (1, 1,1)
is an equilibrium in the game on H(A,b) due to

izt x)=—M+x < —M+1=c(z*,,2]) Vo, €hyy i=1,2,3.
However, z* is no equilibrium in the game on S(A,b), because z* is not
feasible.

T2

> T

Fig. 3.9. Infeasible equilibrium in a game on a hypercuboid.
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Nevertheless, equilibria in a game on a hypercuboid correspond to equilibria
in a game on the polyhedron if they are feasible.

Lemma 3.24. A solution x* is an equilibrium in a game on S(A,b), if it is
an equilibrium in the corresponding game on H(A,b) and x* € S(A,b) holds.

Proof. As z* € S(A,b), it holds that ¢/(z*) = ¢;(z*). From z* being an
equilibrium in the game on H(A,b) we obtain
cH(x*, a) > cH(a*,,2) Vi, Va, €hy
= cH(z*,,x) > (2, 2) Vi, Va; € Si(z_y)

= ¢, xf) > (et z) Vi, Vo, e Si(r;),

-y
thus, z* is an equilibrium in the game on S(A,b). O
Theorem 3.25. A feasible solution x* is an equilibrium in a game on S(A,b)

if and only if x* is an equilibrium in the game on the corresponding hyper-
cuboid H(A,b).

Proof. The claim follows from Lemma 3.22 and Lemma 3.24. ad

Generally, we may have more equilibria in the extended game than in the
original game, because we may have infeasible equilibria in the former. It is
useful to determine games where no infeasible equilibria in the game on the
hypercuboid exist; that is, the sets of equilibria are equal in the original and
in the extended game. Then, an equilibrium for the original generalized game
can be found by solving the extended game, a game with independent strategy
sets.

A game where this is true is the two-player version of the game on a
polyhedron.

Lemma 3.26. Consider a game on a polyhedron S(A,b) with two players. A
solution x* is an equilibrium in that game if and only if it is an equilibrium
in the corresponding game on the hypercuboid H(A,D).

Proof.

Part (a) «* equilibrium in S(A4,b) = a* equilibrium in H(A,Db).
See Lemma 3.22.

Part (b) z* equilibrium in H(A,b) = z* equilibrium in S(A,b).
Consider the set Sy (z_1) = S1(x2) = {71 : A(z1,72)T < b}.

Y a9 € hy daxy a9 € SQ(LEl) [by Definition 3.19]
=V 29 € hy Hxl:(xl,xQ)GS(A,b)
=V 29 € hy holds: S (1‘2) 7é 0.

Now assume that z* ¢ S(A,b). It follows that ¢ (z*) = —M V i = 1,2. But
as S1(z3) is nonempty, it can be concluded that we can find an z; € Sy(z3)
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such that cf(z3,23) = —M < ci(z1,25) = cH(x1,23); that is, z* is not
an equilibrium. This contradicts the assumption and we conclude that z* €
S(A,b). By Lemma 3.24, z* is an equilibrium for the game on S(A4,b). O

3.4 Potentials for Games on Polyhedra

3.4.1 Potentials for Games on Polyhedra in the Extension to the
Hypercuboid

Before we introduce potential functions for games on the hypercuboid, we
recall the main definitions and results from Section 2.4.1, the introduction
to potential functions for path player games, in the notation of games on
polyhedra.

Definition 3.27. A function IT : H(A,b) — R is an exact potential function
for a game T if for everyi =1,...,n, for every x_;, and for every x},z? € h;
it holds:

clH(x_i,x%) — cf{(a:_i,xf) = H(as_i,x%) — H(m_i,xf). (3.18)

By a result of [MS96], a solution 2* that maximizes II(x) is an equilibrium
for a game on the hypercuboid H(A,b); compare Lemma 2.81 on page 61.
That means, if we find a potential function for a game on H(A,b) and if the
maximum of this potential exists, we can conclude the existence of equilib-
ria in this game. Moreover, the potential function will help us to determine
equilibria.

We now investigate games on hypercuboids that have exact potential func-
tions. As we show later, the maximizers of the exact potential functions pre-
sented in this section have to lie in S(A,b). Thus, for bounded S(A,b) we can
even guarantee the existence of feasible equilibria in these cases.

Definition 3.28. A strategy sequence ¢ = (2, 2',... 2% ...) (or simply se-

quence) in a game is given as an ordered sequence of solutions ¥ € H(A,Db)
that satisfies for every k > 1: there is a unique player i(k) such that for

k— k-1 k-1 k k k
T 1:($_i(k),xi(k)> and x :<x—z‘(k)axz‘(k)>

we have
k—1 k k—1 k
T = Tk and T3k) #* Tk

We call i(k) the active player and the movement from x*~1 to z* the kth step
m Q.
A sequence is called an improvement sequence if for every k > 1 it holds
that
cf([k) (:ck) > cﬁk) (a:kil) . (3.19)
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A sequence is feasible if 2% € S(A,b) V k > 0. For a sequence ¢, we call z°
its initial solution and, if ¢ is finite, x¥ its terminal solution. Furthermore,
we say that a finite ¢ is connecting 2° and . The length of a finite sequence

¥ = ($O7x1a---,xN) 18 given by l(gp) = N.

The cost of a finite sequence ¢ = (20, z%,...,2V), 2¥ € H(A,b) is anal-
ogous to Definition 2.84 for games on polyhedra; see page 62. However, for
games on hypercuboids, we have to distinguish between the cost of a sequence
with respect to payoff ¢ and the cost of a sequence with respect to payoff c.

Definition 3.29. Consider a finite sequence ¢ = (2% 2',...,2V), 2% €

H(A,b). The cost of ¢ with respect to payoff ¢ is given as

N
=2 { City (T Cﬁk)(w’“’l)]- (3.20)

k=1

Moreover, the cost of ¢ with respect to payoff ¢ is given by

(3.21)

kol
Il 2
—
i
=
R‘
N
o
N
~
=
N
—~
o
—
~—
—

Note that both expressions, (3.20) and (3.21), are valid for 2% € H(A,b),
although in (3.21) we do not consider the correct payoff CiH for a game on the
hypercuboid. Instead, we consider the much simpler payoff c;.

Definition 3.30. A sequence is closed if x° = 2N holds and a closed sequence
is simple if xf # x is true for all £ #k and 0 < £,k < N — 1.

With the following lemma, we recall Lemma 2.87 on page 62 by Monderer
and Shapley [MS96].

Lemma 3.31. Consider a game T’ on a hypercuboid H(A,b). The following
statements are equivalent.

I' is an exact potential game. (3.22)
I (¢) = 0 for every finite closed sequence ¢ in H(A,b). (3.23)
IH () = 0 for every finite simple closed sequence ¢ in H(A,Db).(3.24)
IH () = 0 for every simple closed sequence o in H(A,b)

of length / . (3.25)

An exact potential of T' is given by fixing a solution & € H(A,b) and
defining II(x) = I*(¢) V 2 € H(A,b) where ¢ is a sequence connecting z and
x. Note that II(z) is well defined, as I (¢1) = I (p5) holds for ¢; and ¢
having the same initial and terminal solution.

For the classical definition of exact potential functions as presented in
[MS96], independent strategy sets are required. Thus, we cannot apply it
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directly to generalized games. An adapted definition of potential functions
that works for generalized games is called restricted potential function and
was proposed in Section 2.4.2. We apply this definition to games on polyhedra
in Section 3.4.2. The extension to games on hypercuboids, however, enables
static strategy sets and thus allows us to use the classical definition of exact
potentials in this section.

The first observation is unfortunately a negative one. Games on hyper-
cuboids are not exact potential games in general. The next example illustrates
this fact.

Ezample 3.32. Consider the game on the polyhedron S(A,b), presented in
Example 3.5 on page 90, and the closed sequence

501 = ((07 O)a (07 1); (09, 1); (09, O)a (07 O)) :

This sequence is feasible, such that I (p!) and I¢(p!) are equal in this case.
The cost of this sequence is given by

I (") = I°(¢")
— (1—0)+ (—0.01 — (—1)) + (0.89 — 0.01) + (0 — (—0.89))
— 3.76 0.

By Lemma 3.31, a potential function cannot exist in the corresponding
extended game on H(A,b). Note that as ¢! is feasible, we cannot expect to
have potential functions in the original game on the polyhedron (potential
functions for games on polyhedra are defined in Section 3.4.2). This relation
is described more formally in Theorem 3.39, page 111 .

In Example 3.5 we have observed that the game on S(A,b) has no equi-
librium. But, also for games with existing equilibria, the existence of poten-
tial functions is not necessarily given: Consider the game on the polyhedron
S(A,b) presented in the same example. Here, equilibria do exist and, for ex-
ample, the closed and feasible sequence

¢* = ((0,0):(0,1); (1,1);: (1,0);(0,0))
with cost
() =I19*) = (1= 0) + (0= (=1)) + (1 = 0) + (0~ (=1)) =4 #0
indicates that the game on H(A,b) does not provide a potential function.

To prove the existence of potential functions for special instances of games
on hypercuboids, one can use Lemma 3.31 by showing that all simple closed
sequences in H(A,b) of length four have cost zero with respect to ¢!l

The following lemma uses this idea and shows that for games on hyper-
cuboids it is even sufficient to check that the cost of these sequences is zero
with respect to the much simpler cost function c.
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Lemma 3.33. A game on a hypercuboid H(A,b) with payoff function cH is
an ezact potential game if and only if the game on the hypercuboid H(A,Db)
with changed payoff ¢; (leaving off penalty —M ) is an exact potential game.

Proof. Consider a game on a hypercuboid H(A,b) and two players K and L
that create a simple closed sequence ¢ in H(A,b) of length four. The players
start with the strategies xx,xr, change once to Zx and Zr, and then back.
The strategies of the remaining players z_(x ) stay constant, such that the
sequence is given by

o= ((r—xryvr,2L), (*_(k1}, Tk, 2L), (T_{KL}, TR, TL),
(r_(kr},*K,7L), (T (KL}, TK,ZL))-
To simplify the notation, we denote the solutions in the sequence as
v = ((KL),(KL),(KL),(KL),(KL)).
Consider the cost of ¢ with respect to ¢, given as
I°(p) = cx (KL) — cx (KL)
+er(KL) — ¢ (KL) (3.26)

+er(KL) — cx(KL)
+ep(KL) —cp(KL).

Consider next the cost of ¢ with respect to ¢’. Let = be a solution in ¢,
Z the successor in the sequence, and i the active player in the step from x to
z. It holds:
cofl (&) = cfl (z) = ei(®) — eil@) + E(x, 2)M,

T 7

where

~1 if z¢ S(A,b), i€ S(A,b)
€z,d)=1{ 1 if z€S(ADb),i¢S(ADb) .

0 otherwise

Thus, the cost of sequence ¢ with respect to ¢ is given by
" (p) = ex (KL) — e (KL) + € (KL),(KL)) M
tep(KL) — e (KL) + € (KL),(KL)) M
+ex (KL) — e (KL) 4+ € ((KL), (KL)) M
+eL(KL) — e (KL) 4+ € ((KL), (KL)) M
=1°(y)

+M (& (KL),(KL)) + ¢ ((KL),(KL))
+¢ ((KL),(KL)) + € ((KL), (KL))) -
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As ¢ is closed, the numbers of steps from feasible to infeasible solutions equals
the number of steps from infeasible to feasible solutions and hence

E((KL),(KL)) + & ((KL), (KL)) + ¢ ((KL),(KL)) + & ((KL),(KL)) =0.
Hence we have

Mp)=0 & I(p) =0.
Thus, by Lemma 3.31 the claim follows. a

Using the previous lemma, we are now able to prove the existence of po-
tential functions for special instances of payoff functions.

Lemma 3.34. Consider a game on a hypercuboid H(A,b) with linear payoffs
ci(z) = Z?Zl a;;xj, oy € R on H(A,b). This game is an exact potential
game.

Proof. By Lemma 3.33 it remains to show that each closed simple sequence
@ in H(A,b) of length four has cost zero with respect to c. By the linearity of
the payoffs we get for all (z1,,z;), (x1,,2;), (22, 2;), and (2%,,2;) € H(A,b):

—17)

ci(al,;, @) — cz(:clﬂ,@) = cz(xzz,xz) — ci(mgi, z;).

Thus

cx(_(kry, Tr,vL) — cx(T_ (KL}, TK,2L)
= — (ex(@_k1}, 2K, TL) — ek (T_ (KL}, TK,TL))

and

cL(T_(kry,Tr,%1) — cL(T_ (KL}, TK,TL)
= —(co(@_(xryp 2, 21) — cp(®_(kL}, Tk, TL))

holds. Since I¢(p) is given as presented in (3.26), we conclude that
I¢(p) = 0. 0

Another class of games on hypercuboids providing potential functions is
given by games with the path player game(PPG) property.

Definition 3.35. We denote with P(n) the power set of the set of players
{1,...,n}. A game on a polyhedron S(A,b) has the path player game (PPG)
property if for allm € P(n) there exists a function zy, () with £y, = (25)jem
such that for all i =1,...,n it holds

ci(z) = Z Zim (Tm)- (3.27)

meP(n):iem

A game on a hypercuboid H(A,b) has the PPG property, if S(A,b) has.
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To satisfy the PPG property, a game needs a special payoff structure. We
have to analyze the payoff function ¢;(x) and group the components that are
dependent on the decisions of the same set of players m, denoted by z,, ().
If it is possible to decompose the payoffs of all players ¢;(z), i = 1,...,n into
a set of functions z,(x,,) such that these functions are equal for all players i,
the game has the PPG property. In other words, all components in a payoff
function that are influenced by a set of competitors m contribute to the payoffs
of these competitors with the same additive component.

The definition is motivated by the class of path player games (see Chap-
ter 2), which is an instance of games on polyhedra. In Section 2.4, the existence
of potential functions for path player games is provided. In fact, each path
player game is a game on a polyhedron with the PPG property, but the re-
verse is not true. The definition of the PPG property is more general, as it
allows arbitrary components z,,(x,,) whereas for a path player game we need

to have zp, (Tm) = 2m (Ziem xi).
Ezample 3.36. Consider a game on a polyhedron S(A,b) with three players.
The payoffs are given by

c1(z) = 23 + 2(z1 + 22) + 2123 — (223 + 21)?,

c2(z) = z2 + 2(z1 + 22) — (2273 + 71)2,

c3(w) = 3wz + x1w3 — (2223 + 21)°.
This game has the PPG property, because the payoffs can be decomposed into

ziy(@) = a3, 20y (x) = 22, 2(3)(x) = 3us,
z(1,2y (@) = 2(z1 + 22), 201,33 (2) = T123,

2{1,2,3}(5”) = *(1’223 + $1)2-

Nevertheless, this game is not a path player game, as the components z,/(+)
depend on arbitrary expressions and not only on sums of the strategies.

The decomposition of cost functions is in general not as simple as in Ex-
ample 3.36 and moreover, it need not be unique. In fact it is a nontrivial
problem to find a decomposition into components z,,(+).

Lemma 3.37. A game on a hypercuboid with the PPG property is an exact
potential game.

Proof. By Lemma 3.33 it suffices to show that each simple closed sequence ¢°
in H(A,b) of length four has cost zero with respect to ¢. Consider two players
K and L that create such a sequence ¢. The cost I°(¢p) is given as in (3.26).
Inserting (3.27) we get the following equation.

We denote with z, _; = (.T@)gem\{i} the vector that contains the strategies
associated with the elements of m, except the element i. We define z,,, _ 151 =

(Te)gem\ fi,;} analogously.



Zm(zm,—{KL}y i'K7 JS'L)

Zm(zm,—{KL}y TK, JS'L)

2o (Tm,—{K L}, TK>TL)

Zm (J?m),{KL}, TK, jL)

2 (Tm,—{K L}, TK,TL)

Zm(xm,f{KLb TK, jL)

Zm('rm,f{KL}w TK, mL)
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I°(p) =
Z Zm(zm,—K7g_3K) + Z
meP(n):Kem,L¢m meP(n):K,Lem
- Z Zm(zm,—K7xK) + Z
meP(n):Kem,L¢m meP(n):K,Lem
+ Z Zm (T, — 1, TL) + Z
meP(n):Lem,K¢m meP(n):K,Lem
- Z Z’m(xm,—vaL) + Z
meP(n):Lem,K¢m meP(n):K,Lem
+ Z Zm(xm,—K7xK)+ Z
meP(n):Kem,L¢m meP(n):K,Lem
- Z Zm(xm,—K7jK)+ Z
meP(n):Kem,L¢m meP(n):K,Lek
+ > Zm (Tm,—L, TL) + >
meP(n):Lem,K¢m meP(n):K,Lem
- Z Zm(xm,fLwi‘L) + Z

meP(n):Lem,K¢m meP(n):K,Lem

Zm('rm,f{KL}w TK, jL)

Note that this theorem is an extension of Theorem 2.96 (page 68).

Thus far we have presented two classes of games on hypercuboids that
provide exact potentials. Note that Example 2.88 on page 63 is not a contra-
diction to these results, although it has linear payoffs and the PPG property.
To make sure that potentials exist, we have to consider path player games
with extended benefit functions, as introduced in Section 2.4.4.

In both classes of games presented a potential II(z) is given by the cost of
any sequence connecting an arbitrarily chosen, but fixed, & € H(A,b) with x.
The existence of an exact potential in a game on H (A, b) is a basis of proving
the existence of equilibria in games on hypercuboids. Nevertheless, for this
result, we need in addition the definition of equilibria in the original game on
S(A,b). Therefore we postpone the existence statement to Section 3.4.2; see

Lemma 3.42.

N—— S~ —

N———
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3.4.2 Restricted Potentials for Games on Polyhedra in the
Original Game

The game on a polyhedron in its original version is a generalized Nash equi-
librium game. GNE games are not considered in the classical definition of
potential games. In Section 2.4.2 we introduced the exact restricted poten-
tial function. In the following, we transfer this definition to GNE games. For
games on polyhedra, we show the relation between exact potential games on
hypercuboids and exact restricted potential games on polyhedra. We take ad-
vantage of this relation by presenting instances of games on polyhedra that
are exact restricted potential games. Furthermore, we prove the existence of
equilibria in games on compact polyhedra, and thus also in games on compact
hypercuboids for (restricted) potential games.

Definition 3.38. A function I1 : S(A,b) — R is an exact restricted potential
function for a GNE game I if for every i =1,...,n, for all feasible x_;, and
for all z}, 22 € S;(z_;) it holds:

(s

cilz_jal) —ci(w_s,a?) = M(w_y,x}) — M(x_y, 22). (3.28)
A GNE game T is called an exact restricted potential game if it admits an
ezxact restricted potential.

Theorem 3.39. Consider a polyhedron S(A,b). Let T'® be the original game
on S(A,b) and TH be the extended game on H(A,b). The game T'° is an exact
restricted potential game if ' is an exact potential game.

Proof. AsT'H is an exact potential game, we find by Definition 3.27, page 104,
an exact potential function IT such that

cf{(x,i,x}) — cf(;v,i, xf) = H(x,h;v}) — H(x,i,x?) (3.29)

for all i = 1,...,n and for all (z_;,2}),(x_;,2?) € H(A,b). In particular
(3.29) holds for all (z_;,z}), (x_;,2?) € S(A,b). As we have ¢ (z) = ¢;(x)
for all z € S(A,b) and for all i = 1,...,n, it follows by Definition 3.38 that II
is also an exact restricted potential function for the orginial game on S(A, ).

O

It is not possible to prove the reverse implication of the theorem above due
to the following reason. Given a game on a polyhedron S(A,b) together with
a payoff ¢ : S(A,b) — R™ that provides an exact restricted potential function,
it is possible to define ¢ : H(A,b) — R™ such that the potential property is
destroyed outside S(A,b).

Games on polyhedra are in general not exact restricted potential games,
just as games on hypercuboids are not necessarily exact potential games.
This observation is provided by Example 3.32 on page 106 as we find there
a closed simple sequence ! of length four lying entirely in S(A4,b) with cost
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TH(pl) = I¢(¢') # 0. But, if an exact restricted potential function existed
for the game on the polyhedron S(A4,b), then for all closed finite sequences
¢ of length four within S(A,b) it would hold I¢(¢) = 0. This is true due to
the following equations, which hold by the definition of an exact restricted
potential function.

I900) = ) ey (FF) — oy (FF71)]

M- 10

[T(F*) = 1]
(/) —1(f%) = 0.

’:lk

Lemma 3.40. Consider a game '™ on a polyhedron S(A,b) containing linear
payoffs ¢;(x) = Z?:I @i;r;, a;j € R. Furthermore, consider a game TYYC that
has the PPG property.

The games T'"™ and TPPS are exact restricted potential games.

Proof. The claim follows from Theorem 3.39, Lemma 3.34, and Lemma 3.37.
O

Lemma 3.41. Consider a game on a compact polyhedron S(A,b), which pro-
vides an exact restricted potential function. In this game, equilibria ezist.

Proof. As S(A,b) is compact, the intervals S;(z_;) are also compact for all
i = 1,...,n. By Definition 3.38 and as we have continuous payoff functions
¢i(z), the exact restricted potential function II(z) is continuous. It follows
that the maximum of II(z), z € S(A,b) exists. The maximizer of the potential
function is an equilibrium; see a result of [MS96]. Thus, the claim follows. O

Note that Monderer and Shapley present in [MS96] a similar proof for
infinite potential games with independent strategy sets; that is, for nongener-
alized games.

Lemma 3.42. Consider a game T'f1 on a hypercuboid H(A,b), obtained from
a game T'¥ on a compact polyhedron S(A,b). Assume that T provides an
exact potential function. Then, feasible equilibria exist in TH.

Proof. As T'H is an exact potential game, it follows that I'® is an exact re-
stricted potential game; see Theorem 3.39. By Lemma 3.41, equilibria exist
in I'®, which are feasible equilibria in T' by Lemma 3.22. O

Corollary 3.43. Consider a game '™ on a polyhedron S(A,b) with linear
payoffs c;(x) = Z?:l o, o5 € R. Furthermore, consider a game [PPG
that has the PPG property.

In the original games T and TPTYS, and in their extensions to hyper-
cuboids, equilibria exist.
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For linear payoffs this statement has already been provided in Lemma 3.7,
together with a complete characterization of the set of equilibria in Theo-
rem 3.6. For path player games, existence is given for all instances of the
game; see the three different approaches for existence proofs in Theorem 2.31
(page 24), Theorem 2.103 (page 73), and Theorem 2.118 (page 84).

Regarding the computation of equilibria in games on polyhedra with the
PPG property, we present the following result.

Theorem 3.44. For a game on a polyhedron S(A,b) which satisfies the PPG
property, an equilibrium is given by an optimal solution of the following prob-
lem.
max Z [z (Tm) — 2m(0)]  subject to z € S(A,b).
meP(n)

Proof. In the following we show that a potential function for games on poly-
hedra with the PPG property and for x € S(A,b) is given by

I(z) = Z [2m (@m) — 2m (0)].

meP(n)

Then, the maximizer of II(x) : € S(A,b) is an equilibrium and the claim
follows.

Consider a game on a polyhedron with n players, satisfying the PPG prop-
erty. Let

T T
1 1 71

0 0
be the sequence, connecting £ = 0,, and x. Denote with

I (p) = Ci(k)(xk) - Ci(k)(mk_l)

the “cost” of the kth step. By the definition of the PPG property (see (3.27)),

R D (S R D DR Coa

meP(n):i(k)em meP(n):i(k)em

meP(n):i(k)em
m#{i(k)}

— | 2zt (xfrff(i)})Jr DR iy

meP(n):i(k)em
mA (i)}

As xl‘fl(k)} = Ti(k)} and xlgf;(;i)} =0 hOld, we get:
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©) =Y [zt (@amy) — 260 (0)]
k=1

+kf > (Zm (xm{ ()} T, ~{i(k )}) ~ Zm (wanfi{i(k)}))
=1

meP(n):i(k)Em
mA{i(k)}

(#)

We reorder (#) by exchanging the summations:

(#) = Z Z (Zm (:vm{,;(k)},xﬁ%,{i(k)}) —Zm (0 o 1{ (k)}))

meP(n):i(k)em | 4(k)em
m#{i(k)}

As zf = x4 holds for i(k) > ¢, and xF = 0 for i(k) < ¢ we get:

(#) = Z [2m (Tm) — 2m (0)].

mGLP’(n):i(k)Em
m{i(k)}

Summarizing, we have:

(o) = ) [em(@m) = zm(0)].

meP(n)

For an exact restricted potential game I' an exact restricted potential
function is derived by fixing a feasible solution z € S(A, b) and defining II(z) =
I°(p) V o € S where ¢ is a feasible sequence connecting z and x.

Thus,

H(z) = Z [2m (Tm) — 2m (0)]. 0

meP(n)

3.4.3 Computation of Equilibria by Improvement Sequences

Improvement sequences, such as best-reply improvement sequences (see Defi-
nition 2.110, page 78), yield, if they are maximal and finite, equilibria as ter-
minal solutions. For path player games, we have been able to present instances
that satisfy the finite best-reply property (FBRP); that is, each best-reply im-
provement sequence is finite for these games. If this is true, algorithms based
on best-reply improvement sequences can be constructed for computation of
equilibria. For example, this is used in Algorithm 2 in Section 4.5.1.

Unfortunately, for games on polyhedra, we do not get such a result, inas-
much as FBRP may not be satisfied even for games with linear, strictly in-
creasing cost functions (that are hence exact restricted potential games). We
present such an example next.
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Ezample 3.45. Consider the game on the polyhedron S(A,b) with

-1 2 2
2 -1 2
A= -1 0 b= 0
0-1 0

The costs are given by c¢1(z1) = 1 and ca(x2) = x9. For a given o, the
first player will choose 1 = 1 4 0.5Z5 as the best reply, and for a given
Z1, the second player chooses o = 1 + 0.5%;. The only fixed point of this
mapping is given at (2,2). All best-reply improvement sequences starting at
x € S(A,b)\ {(2,2)} are infinite and hence FBRP does not hold. See the
illustration in Figure 3.10.

| !

2

Fig. 3.10. Best-reply sequence is infinite.

Another approach to improvement sequences is that of e-improvement se-
quences (Definition 2.114, page 82), which yield approximate equilibria (Defi-
nition 2.115). A game has an approximate finite improvement property (AFIP)
if for all € > 0 each e-improvement sequence is finite. For games on polyhedra
that have exact restricted potential functions, we can prove the finiteness.

Lemma 3.46. A game on a polyhedron that is an exact restricted potential
game satisfies AFIP.

Proof. As ¢;(x) are continuous for all ¢ = 1,...,n and given over a closed
interval it follows that the payoff is bounded. By Definition 3.38, the exact
restricted potential function is bounded, too. As a feasible e-improvement
sequence improves II(f) by at least ¢ in each step, each feasible e-improvement
sequence has to be finite. O

Thus, using e-improvement sequences, e-equilibria with a given precision
can be obtained for games on polyhedra with exact restricted potential func-
tions.
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4

The Line Planning Game: An Application

Given is a public transportation network G = (V, E) consisting of stations
v € V and direct connections between stations e € E. Given, furthermore, a
set of possible lines, find a line plan; that is, decide which of the lines should
be established and with what frequency.

4.1 Introduction

The line planning game (LPG) models the process of establishing lines in a
public transport system, for example, a railway or a bus network. In line plan-
ning, a public transportation network (PTN) is modeled by vertices for each
stop (as with a train station) and edges for each direct connection between
stops (as with tracks between stations). A line is given as a path in the PTN,
and the frequency indicates how often the bus or train goes within a certain
time horizon. Usually, the installed lines have to satisfy a certain amount of
demand (e.g., provide enough resources to carry the customers who want to
travel in the PTN). On the other hand, the amount of traffic is limited (e.g.,
by safety regulations). Problems of this kind can be solved with respect to
the cost of operating lines, but customer-oriented objectives, such as short
traveling times or changes between lines are also considered.

In [BKZ96], the focus is on maximizing the number of passengers with di-
rect connections, whereas in [SS05, Sch05, BGP04a, BGP04b] traveling times
are minimized.

In our approach, we consider the line planning problem from the game-
theoretic point of view. The lines act as players who choose as a strategy their
frequency and keep this information private in the game. Their objective is
to minimize an expected delay, which is dependent on the frequencies of all
lines in the network, and is represented by the payoff of this game.

Usually, a traffic network consists of several origin—destination(OD) pairs.
In order to keep the notation clear, we consider in our model just a single OD

S. Schwarze, Path Player Games, DOI 10.1007/978-0-387-77928-7_4, 117
(© Springer Science+Business Media, LLC 2009
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pair. In Section 4.5.2 we briefly discuss how the model can be extended to
multiple OD pairs.

In this chapter, we show that the line planning game is a generalization
of the path player game introduced in Chapter 2. On the other hand, the
LPG is an instance of games on polyhedra, which are defined and discussed
in Chapter 3. We use this fact to transfer results from games on polyhedra to
line planning games. In particular, we show that potential functions exist for
the generalized version of line planning games. Furthermore, the existence of
equilibria is given and we develop three methods for computation of equilib-
ria (see Theorems 4.17-4.21). Finally, we demonstrate one method within a
numerical example using data from the German railway system.

The material presented in this section is not only an illustration of the
practical use of the methods developed in the earlier sections, but also a
starting point for further research in the field of transport optimization. It
is planned to investigate open questions in this field in the framework of the
European project, “Algorithms for robust and online railway optimization:
Improving the validity and reliability of large scale systems (ARRIVAL)”
[arr].

4.2 The Line Planning Game Model

We consider a network G = (V, E) with vertices v € V and edges e € E,
where V' and E are nonempty and finite. A line P in G is given by a finite
path of edges e € E: P = (eq,...,e,). We denote the line pool P as a set of
lines P in G from the single origin s to the single destination t. We use in
the line planning chapter the notations “origin” and “destination” instead of
“source” and “sink”, because this is more common in transport optimization.
Note that in contrast to the path player game, P does not necessarily contain
all lines from s to t. Assigned to each edge e € E is a cost function c.(-) that
describes the expected average delay on that edge. Naturally, this function
depends on the load on e. We assume the cost functions to be continuous and
nonnegative for nonnegative load; that is, c.(x) > 0 for z > 0. We make no
further assumption on the cost functions, although in line planning the costs
are usually nondecreasing.

The frequency on a line P is denoted by fp. The frequencies in the com-
plete network are represented by the frequency vector, given by f: P — Ry.
Consequently, the frequency on an edge e € E is given by the sum of the
frequencies on lines that contain e,

fe: Z fP- (41)

P:ecP

The cost on a line P is given by the sum of costs on the edges belonging to
that line,
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er() =Y colfe).

ecP
As is common in the literature about line planning, we have to consider two
types of bounds regarding the frequencies. First, a minimal frequency from s
to t has to be covered to meet the demand of the customers. This minimal
frequency is given by f™" > 0 and we require the sum of all frequencies on
lines from s to t to cover the demand; that is,

S fe = (4.2)
PeP

If the condition is not satisfied; that is, if there is not enough frequency in the
network, all lines receive a payoff M, with M being a large number working
as a penalty.

The second bound is the real-valued mazimal frequency 0 < fI"* < oo
that is assigned to each edge e € E; that is, it has to hold

fo < fMX Ve e E. (4.3)

The maximal frequency establishes a capacity constraint on the edges and in
line planning problems is usually given by security issues. Too much traffic
on a railway could cause a collapsing system, therefore the constraint is a
measure of precaution. If the frequency f. exceeds f"**; that is, if fo > f***,
all lines that contain e will receive a payoff of N < M. We allow N to be
any real value smaller than M, nevertheless in the line planning problem, we
choose N being a large number to create a punishment for exceeding flow.

Definition 4.1. A line planning game T is given by the tuple

L= (G, P, f™", f", ¢, N, M).

By using (4.1) we rewrite the constraint (4.3), > p..cp fr < fI**, and
obtain the following definition.

Definition 4.2. A frequency vector f is called feasible if the bounds f™ and
frax e e I, are satisfied. The set of feasible frequency vectors is given by

FLPG:{feRI_ZD5ZfPmein/\ prgfénaxveeE}.

PeP P:ecP

The above definition differs from the set of feasible flows F in path player
games, presented in (2.3) on page 24, as no bounds on edges have been con-
sidered there.

Definition 4.3. The payoff function of a line P is for f > Op| given by

cp(f) i Xpepfr, =2 M AV ee P fo < fIo
bP(f) = N ifEPkGP ka > fmin AdeeP: fe > fénax )
M ifZPkGP fpk < fmin
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Each line tries to minimize its own payoff which depends on the frequencies
of all lines f. Note that M is a punishment that concerns all players, whereas
N concerns only those players owning the corresponding edge.

To illustrate the payoff function of line P, we fix for a given frequency
vector f the frequencies fp, with Py # P. We obtain the frequency vector
f—p, by deleting the Pth component in the frequency vector f. The payoff
function depending only on fp is illustrated in Figure 4.1.

bp(fp)
A
M +—<
N + >
: —» [P
dk, dp

Fig. 4.1. Payoff of line P for a fixed frequency vector f_p.

The payoff consists of three continuous intervals. The left part is described
by the payment M in the case of not satisfying the minimal frequency f™".
The middle part is given by the sum of costs on the edges belonging to P.
If we have nondecreasing cost functions c., which are usual in line planning
problems, the sum ¢p(f) of nondecreasing functions is also nondecreasing. The
right part is given by the payoff N which is paid if the maximal frequency
is violated on an edge belonging to the line P. The values that mark the
boundaries of the intervals, denoted by d: and d%, depend on the bounds
fmin and fmeX e € F and on the frequencies f_p of the opponents. The exact
definition is given by the following.

Definition 4.4. In a line planning game, the lower decision limit is given by

db(fp) == . (4.4)

PLeP\{P}

The upper decision limit is denoted with
dp(f-p) = min {f* — fo_p}, (4.5)

with f€7_p = fe — fp.
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If no confusion regarding the chosen f_p arises, we denote the lower and
the upper decision limits by d: and d%, respectively.

The lower decision limit is given by the minimal frequency less than the
frequencies that are already provided by the competitors. Thus, given the flow
of the competitors, a player P should at least set a frequency of d} or higher.
For the upper decision limit, f. _p is given by the flow on e that is produced
by the remaining players in P apart from P. For each edge in P we consider
the difference of the maximal frequency and the frequency that is already used
by the lines of the competitors. Because the maximal frequency shall not be
violated on any edge, the minimal value of these differences provides the limit
d%. In fact, the existence of two bounds in bp(f) that depend on the flow f_p
is one of the main differences from the path player game. There we had for
each path P the decision limit dp(f_p) dependent on the flow of the other
players as the upper bound and wp as the fixed lower bound.

As we have N >> 0 and M >> 0 in the LPG, each line should choose a
frequency in [d},d%] MR, in order to minimize its payoff. By choosing from
[dL, d%], the constraints (4.2) and (4.3) are satisfied. Moreover, the obtained
f is feasible if we consider nonnegative frequencies in addition. It may happen
that [dh, d%] MR, is empty for a player P in a specific game situation, even if
FLPG is nonempty. This may be caused by the other players, who have already
violated the constraints (4.2) and (4.3) such that P is not able to create a
feasible flow.

An equilibrium in the line planning game is given by the following.

Definition 4.5. In a line planning game, a frequency vector f* is an equilib-
rium if and only if for all lines P € P and for all fp > 0 it holds that

be(fip, fp) <bp(fip,fpP).

This definition of equilibria considers that in a line planning game, the
players want to minimize the payoff, whereas in path player games, the payoff
is maximized. Equilibria in line planning games may be feasible or infeasi-
ble, which can be observed in the following example. As we are interested in
implementable solutions, we analyze feasible frequencies.

Ezxample 4.6. We consider a line planning game with a line pool containing two
lines. Let f; and fy be the frequencies of these lines. The minimal frequency
™™ =1 has to be covered from s to t. The game network consists of three
edges, as illustrated in Figure 4.2. The maximal frequencies of the edges are

max __ max

given by faia* = fI# = 2 and fI** = 3. Furthermore, the following costs
are assigned to the edges: c., (1) = x, c.,(7) = 2z, and c.,(z) = 2%. Thus,
we obtain payoffs: ¢1(f) = f1 + (f1 + f2)? for the first player and co(f) =
2fo + (f1 + f2)? for the second player. See Figure 4.3 for an illustration of the

set of feasible frequencies FMFG.
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This line planning game provides multiple equilibria. Feasible equilibria
are, for example, f1 = (1,0) and f? = (0,1), with payoffs b(f!) = (2,1) and
b(f?) = (1,3). There are also infeasible equilibria, for example, f? = (4,4),
where no player is able to receive a smaller payoff than N.

The frequency vector f4 = (3,3) is no equilibrium, although no player is
able to reach the set of feasible frequencies within one step. It is a property of
line planning games (which is not shared with path player games) that outside
the feasible region each player does not necessarily get punished. Here, for
example, player 1 could change his frequency to zero. The resulting frequency
vector f* = (0,3) is still infeasible, but player 1 is able to improve his payoff
from by (f*) = N to by (f*) = 9.

f2
A
3 %\
Ce, () =
Ces (.Z‘) = 2? 14
s —>
v ‘ —» f1
Cey(T) = 22 1 3
Fig. 4.2. Fig. 4.3.
Game network of Example 4.6. Set of feasible frequencies FLFE.

The above example illustrates that in line planning games, there may be
areas of infeasible frequency vectors, where some players violate constraints
and others do not. See Figure 4.4, the illustration of the two-player game
of Example 4.6, and consider the four infeasible regions A, B, C, and D. For
frequency vectors that lie in region A, both players get punished with payoff
N, whereas in region B, both receive the payoff M. In region C', only player 1
gets punished with payoff NV, whereas player 2 receives a payoff co( f), as player
2 satisfies the maximal frequencies f*** on her edges es and es, but player 1
violates fZ1** = 2. In region D the reverse situation takes place: player 2 gets
punished and player 1 does not. Situations such as in regions C' and D happen
because the players are not sharing the same set of constraints. A systematic
investigation of such areas for standard networks G(n) (see Section 2.1.5) is
a topic of future research.
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fa
3 L

Fig. 4.4. Infeasible regions A, B, C, and D.

The line planning game is a basic model for analyzing line planning prob-
lems with game-theoretical means. Other aspects of line planning could be
incorporated in extended versions of the game:

—  Consider setup costs for installing lines (or fixed costs for operating a line)
and/or consider a maximal number of lines to install.

—  Consider length (e.g., travel time) of a line, as this is a natural measure of
attractiveness of a line.

— Allow passengers to change the lines.

A drawback of the basic model is that frequencies fp are real numbers,
whereas in practice, only fp € Ny make sense. We consider an extension
to an integer LPG in Section 4.5.1.

4.3 The Path Player Game as an Instance of the Line
Planning Game

In this section, we show that the line planning game is an extension of the path
player game; that is, each path player game is an instance of a line planning
game. For this purpose, we define the following transformation of any path
player game to a line planning game. Afterwards, we show in Theorem 4.8
that the equilibria in the original and the transformed game coincide.

The idea of the transformation is the following. To each path in the path
player game an artificial edge el is added as the first edge. An artificial source
5 is added to the set of vertices, and the artificial edges are inserted as parallel
edges from 5 to s. These new edges carry the security limits wp of paths P € P
as maximal frequency f;’(ﬂ)‘;&x and thus transfer the bound on a path to a bound

on an edge. Each artificial edge is owned exclusively by line P and we set
cer = 0and fIF = wp for all P.
0
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Definition 4.7. Consider a PPG, given by T' = (G,ﬁ,f,d),é,fi,M) (we de-
note PPG analogous to Definition 4.1, page 119), with corresponding flow f
and benefit functions bp(f). WithT' = T*(I") we denote the T'-transformation
of the path player game into a line planning game I' = (G, P, fmin, fmax,
¢, N, M) that is described by the following relations.

The network G = (V,E) is derived from G = (V,E) by the following
modifications.

V =V u/{s},

E=FEu{e, ... ey withelr = (5,5) VP, € P, where s

is the single source in I and 5 the single source in T.

For each path P = (6{5, e ei ) € P, we construct a line P = (e el ...,
eflP) with e = eﬁ Vi=1,...,mp. Finally, we obtain the line pool P as
the set of lines P. The following relations complete the transformation.

f = 7f7

_ ) —ee(=fe) = _ée(ﬂ) ife€ G
ce(fe) = {0 otherwise

fmin _ _ﬁ (46)
fmax _ )0 Zfe S G
¢ —op ife=ef

N = —kp

M = M.

Figure 4.5 illustrates a path player game network I' where two paths P
and P are highlighted. In Figure 4.6 the network of the corresponding line
planning game is presented. This network includes the artificial sink § and
the artificial edges ef.

e 4
_—

Fig. 4.5. PPG network I. Fig. 4.6. LPG network I'.

Before we prove the equivalence of the games I' and I', we have to point
out one difficulty of the T"'-transformation. In path player games we have cost
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functions ¢ ( fp) that are defined only for f. > 0 and which are required to be
nonnegative. Hence we obtain costs ¢, for the line planning game, which are
given for f. < 0 and which are nonpositive. Moreover, we have nonpositive
M and f8% due to wp and r being nonnegative. However, according to the
definition of a line planning game, nonnegative variables and parameters are
required. We cope with that problem by a second transformation that shifts
the frequencies fp as well as the cost functions cp(-). We discuss this second
transformation in Lemma A.1 in Appendix A.

Theorem 4.8. Consider the games I and T = Tl(f‘) and the frequencies f
in G and f = —f in G. It holds that bp(f) = —bp(f) for all P € P.

Proof. For the proof we check the equality of bp(f) and —b p( f ) for the three
components of the benefit and payoff function.

Part (a)
bp(f)=M& Y fp<f™e Y —fp<f™™
PcP PP
&> fp>—fme Y fp>i
PeP PeP
& bp(f) = —M.
Part (b)

bp(f) =cp(f) & > fp>f" AVecP:f < ™

pPeP (%%)

()

@prﬁf A fp>dp
Pep

Sbp(f)=cep(f) =D eelfe) =D —ce(—fe) = —cp(f).

ecP ecP

(*) ZPePfPmein ~ Zifpzfmin PEN prgifmin

PeP pPeP
& Y ie<r
PeP

(kx)Vee P: fe< "™ & for < f;%ax [by definition of fI"*¥]

< feé3 S —wp

& fp< —wp



126 4 The Line Planning Game: An Application
[holds as e}’ is owned exclusively by P]

& —fp<—0p & fp>ap.

Part (c)
bp(f)=N& > fp=f™ AJecP:fo> "™
PEP
(k%)
(%)

@prif A fp <dp
peP

s bp(f)=hp=-N

(%) see Part (b)

(k%) FeeP: fo> frx o fep > [or™
[“ =" holds as f"* = oo Ve € P\ {e{'}]

& fp> f;%ax [as fp = fer holds]
= —fp>—@p = fp<d)p. O

Corollary 4.9. The flow f solves max l;p(f) for all P € P if and only if
f = —f solves minbp(f) for all P € P. That is, f is an equilibrium in I if
and only if f = —f is one in T.

The presented results yield, in particular, two conclusions. First, the LPG
is a generalization of the path player game. Hence we can apply any result
we obtain for line planning games also to path player games. Second, if we
have a line planning game I' that is obtained by the transformation T (f‘)
for a path player game f‘, we can transfer results from path player games to
line planning games. In the following, we present two other instances of line
planning games that can be obtained from a path player game.

Maximal frequencies are infinite

Consider a line planning game where for each line P € P it holds: all edges
ep € P provide maximal frequencies that are given by fI** = oo, apart from
one edge ep € P which may have an arbitrary value fZ}** > 0. Edge ep
has to be owned exclusively by P; that is, ep ¢ P, V P, € P\ {P}. This
game corresponds to a path player game, and is connected to it by the same

relations (4.6) as used in the T!-transformation.
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Line-disjoint network with equal maximal frequencies

Consider an LPG ' = (G, P, fmin, fmax ¢ N M) where G is a line-disjoint
network; that is, a network where each edge belongs to exactly one line. As-
sume that for all lines P the following holds: V ey, ez € P : f2% = f#%. Due
to the line-disjoint network it holds that Ve € P: f, = fp

From the LPG, the corresponding PPG I' = (G775,f,6,d),/%,M) is ob-
tained by setting the parameters as follows.

G=0aG,

P="P,
f=-f

Ce(fe) = —ce(—fe),

Wp = —fM  withee P,
R

ip=-N

M = M.

Theorem 4.10. Consider the frequencies f in T and f = —f i I'. It holds
that bp(f) = —bp(f) for all P € P. Thus, f is an equilibrium in T if and

only if f = ff is an equilibrium in T.

We prove this claim analogously to Theorem 4.8, with two adjustments in
Part (b) and Part (c).

Part (b)

(#x)Ve€P: fe< fM* & VeeP: fp< f' |as fo=fp Ve€ P
< fp<—wp

& fp>op.
Part (c)

(xxx)Je€P:fo> ™o Veec P: fo> fIM

[“="7 holds as V e1,e3 € P: fo, = fe,

A max __ max}

€1 €92
& fp> f" & fp>—0p
& fp<p.
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4.4 The Generalized Line Planning Game as an Instance
of Games on Polyhedra

4.4.1 Formulation as a Game on a Polyhedron

In this section, we study the feasible frequency vectors of a line planning game.
It turns out that the feasible region F“FS is a polyhedron and hence we can
model the LPG as a game on a polyhedron. Games on polyhedra are gener-
alized Nash equilibrium (GNE) games (see Chapter 3.4.3). Consequently, the
line planning game is called a generalized line planning game if only feasible
frequency vectors f € F'PG are considered. In GNE games, the strategy set
of each player depends on the strategies the other players choose.

Definition 4.11. In generalized line planning games, a feasible frequency vec-
tor f* is a generalized equilibrium if and only if for all lines P € P and for
all
fpeldp(fip),db(fip)] N Ry,
it holds that
bP(fimeI*D) < bP(fiPafP)'

Generalized LPGs provide the advantage that each frequency vector and
thus each generalized equilibrium is feasible. Furthermore, the payoff is given
by bp(f) = cp(f) The feasible region of an LPG

FLPG:{fERLZ):ZfPEfmm A Z fPSfénaxveeE}-

PeP P:eeP

is a polyhedron, whose description is given next.

Definition 4.12. In a network G = (V,E) and for a path set P, the edge
path incidence matrix H has dimension |E| X |P| and is given by the entries:

L 1 if eeP (47)
P70 else . .
The edge path incidence matrix allows the following reformulation.
fe=>_ fp=Y_ hepfr=H.f, (4.8)
P:ecP PeP

with H.. being the row in H associated with edge e. Analogously, H.p is the
column in H that corresponds to line P.

cp(f) = Z ce(fe) = Z ce(fe)he,p = (Ce;(fer)s- -1 Cep (fe)) Hopy  (4.9)

ecP ecl

with m = | E|. Taking (4.8) and (4.9) together, we obtain:
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CP(f) = Zce <Z he,PfP) he,P = Zce (He-f)h@P = (C(Hf))T H.p.

ecl PeP ecl
(4.10)

We express constraints (4.2) and (4.3) by the following vector products.

Z fP _ I\P\f > fmin7

Pep
where 1,, = (1,...,1) is the vector containing n times the entry 1, and
fo=H.f<f™VecE.

The nonnegativity of the frequencies fp can be expressed by using the
identity matrix I;p).

Lip f = 0pp).
Let fmax = (fmax) g be the vector of maximum frequencies, and let 0,, =
(0,...,0)T be the vector containing n times the entry 0.
Summarizing, we get a representation of F'PY by S(A,b) = {f : Af < b}
with )
_1|’P| _fmm
A= H b= | fmax
—lip) Ojp)

The matrix A is of dimension (1+|E|+|P|) x |P|. Hence, the generalized LPG
is an instance of games on polyhedra. Note, that in line planning games, the
payoff is minimized, whereas in games on polyhedra, we are maximizing payoff.
This difference is not critical, as minbp(f) is solved by the same frequency
vectors f as max(—bp(f)), yielding the negative objective value. The next
statement helps to transfer results from games on polyhedra to line planning
games.

Lemma 4.13. The polyhedron S(A,b) representing an LPG with feasible re-
gion FYPG s compact.

Proof. The polyhedron S(A,b) is closed as it is given by Af < b. Furthermore,
for all P and for all f_p with (f_p,0) € FFPG ) fp lies in [db,d%] NRy. As
d% is bounded from above by mingcp f2* it holds that S(A,b) is bounded,
and the claim follows. a

Ezample 4.14. Consider the line planning game of Example 4.6 on page 121.
The corresponding matrix H is given by

10
H=|01
11
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The polyhedron S(A,b) is described by

A:

-1-1
10
0 1
1 11 b=

-1 0

OO W N

4.4.2 Results of Using Polyhedric Representation

As we have an instance of games on polyhedra, we can transfer results from
this type of games to the generalized line planning game. We show in this sec-
tion that exact restricted potential functions exist for generalized line planning
games. We propose a method to determine an equilibrium, valid for all types
of cost functions. For linear and for strictly increasing costs c., we present a
necessary and sufficient condition for equilibria. For strictly convex payoffs,
we can show that all equilibria lie on the boundary of the feasible region
FLPG | The results obtained for generalized line planning games hold also for
the standard line planning game, if only feasible frequencies are considered.

Lemma 4.15. A generalized line planning game is a game on a polyhedron
satisfying the PPG property (Definition 3.35).

Proof. Consider a game with n players. Recall Definition 2.5: for a set of
players m € P(n), the class of edges is given by e,, = {e: {P:e € P} =m}.
We modify the network topology to obtain the standard network G(n). All

edges e € e,, that are shared by the same set of lines m have to be merged to
a new single edge é,,. It holds:

fe = Z fp= prZfeVeEem.
P:é,,eP Pem

The costs of the new edges are given by

ZeEem Ce (fém,) lf €m ?é @

cém(fém):{o if e, =0

By Lemma 2.15, the cost cp of the line P, as a sum of edges contained in that
line, stays invariant under this modification:

cp(f) =Y cenlfen) = D cen (Z Ce (fém)> = celfe)-

ém€EP ém€eP ecem ecP

The resulting line planning game is equivalent to the given one, as the mod-
ification only harms the structure of the network topology, whereas we are
interested in the cost structure.
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Let n = |P| be the number of lines and P(n) be the power set of the line
pool P. We transform the cost of a player P such that the PPG property (see
Definition 3.35 on page 108) can be observed.

cp(f) = Zce ( Z ka> = Z Cep (for)- (4.11)

ecep Pyie€Py meP(n):PeEm

O

We use this insight for the following statements.

Theorem 4.16. A generalized line planning game is an exact restricted po-
tential game. Furthermore, equilibria exist in such a game.

Proof. By Lemma 4.15, a generalized line planning game is a game on a
polyhedron with the PPG property. By Lemma 3.40, such a game is an ex-
act restricted potential game. Because by Lemma 4.13 we have a compact
polyhedron, we conclude by using Lemma 3.41 that equilibria exist for these
games. O

Furthermore, the PPG property of a generalized line planning game en-
ables the computation of generalized equilibria by using the following state-
ment.

Theorem 4.17 (Method 1). For a generalized line planning game with fea-
sible region FYPG | a generalized equilibrium is given by an optimal solution of
the following problem.

min Z [ee(fe) — ce(0)] subject to f € FLPC.

eck

Proof. We use the idea of transformation (4.11) and rewrite:

min Y~ [ce(fe) = ce(0)] = —max | — Y [z, (fe,,) — ce,, (0)]

eelE meP(n)

As a generalized line planning game can be represented by a game on a poly-
hedron S(A,b) satisfying the PPG property (Lemma 4.15), the claim follows
by Theorem 3.44. O

Example 4.18. Consider the line planning game analyzed in Example 4.6.
From c.(0) = 0 V e € E we obtain ) _p[ce(fe) —ce(0)] = >, cplee(fe)]-
By Theorem 4.17 an equilibrium can be found by solving the following prob-
lem.

min f1 + 2f2 + (f1 + f2)? subject to f € FMPG, (4.12)

The solution of the optimization problem, and thus an equilibrium is given
by f* = (1,0) with b(f*) = (2,1). Note that f* is the unique solution of (4.12),
but not the unique equilibrium.
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The example illustrates that Theorem 4.17 does not necessarily describe
all equilibria of a game. For linear costs (and later also for strictly increasing
costs), we present the following approach to determine all equilibria of the
game. For linear cost functions c., the set of feasible equilibria is given by the
solution set of an optimization problem.

Theorem 4.19 (Method 2). Consider a generalized line planning game with
feasible region F*PG and with linear cost functions

fe —Ce<z fP>—ae Z fP» GQER

P:ecP P:ecP
Let app, = ZeeP ache, p,. Furthermore, consider the following linear pro-
gram.
min Z sgn(app) Apfp subject to f € FLPC, (4.13)
PeP

In this game, the following holds.
(a) If the frequency vector f* is an equilibrium, then there exists a wvector
A € R that satisfies A\p > 0V P with app # 0 such that f* solves

(4.13).
(b) For all X € R"} that satisfy \p > 0V P with ap p # 0, the optimal solution
of (4.18) is an equilibrium.

Proof. In a line planning game it holds: cc(fe) = ce (3 p..cp fp). Due to the
linearity of c., we have
ce(fe) = Qe Z fPa Ae € R.
P:ecP

We neglect the trivial case, where a, = 0 holds Ve € P and V P € P, because
for it, each feasible f € FMPC is an equilibrium and also a solution of (4.13).
Consider the payoff function of a player P:

cp(f) = clf) = (ae >, fpk> =3 (ae > he,pkfpk)

eeP eeP PreP:ecPy, ecP PreP

-3 ( 3 aehe,pkfpk> =y <Z aehe,pkfpk>

e€P \P,eP PLeP \ecP

> (fpk > aehe,Pk>~

PLeP ecP

Hence, cp(f) is a linear function of the form

= Z ap p, ka )

PreP
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with app, = ZeeP aehe,pk.

As there is a P such that 3 e € P : a. # 0, it holds that there is a P
with ap p # 0. Because the line planning game is an instance of games on
polyhedra, and in addition, F**“ is compact for line planning games (see
Lemma 4.13), the considered LPG satisfies the conditions of Theorem 3.6
(page 92). As the payoff in the LPG is going to be minimized (instead of
being maximized such as in games on polyhedra), the claim follows. a

By Method 2, the set of equilibria can be found by solving (4.13) for all
A € R} that satisfy Ap > 0V P with app # 0. The implementation of that
approach will need an analytical study of that solution, and is not discussed
here.

Example 4.20. Consider the line planning game analyzed in Example 4.6. We
modify the cost functions to achieve linearity: ce, () = , c.,(z) = 2z, and
Ceq () = —3x; see Figure 4.7.

Ce, () =

Ces(x) = =3
s —

S

Cen () = 21

Fig. 4.7. Game network of Example 4.20.

We apply Theorem 4.19 and have 13 = 1 -3 = —2 and azp = 2 —
3 = —1 with sgn(ai1,1) = sgn(as2) = —1. Thus, a frequency vector f* is an
equilibrium, if and only if it is a solution for some A1, Ay > 0 of the following
linear program,

min —A1 f1 — Ao fo subject to f € FLPG,

We find the solution set of this problem and thus, the set of equilibria in the
line planning game as {f = (f1,3 — f1) : 1 < f1 < 2}. For costs c3(v) = —2u,
we receive a; 1 = —1 and ap 2 = 0. In this case player 2 is indifferent about his
flow fo, whereas player 1 is trying to get as much flow as possible. Thus the set
of equilibria is then given by {f = (2, f2) : 0 < fy < 1}. For ¢3(x) = —3/2x,
we obtain a unique equilibrium: a3 ; = —1/2 and ag2 = 1/2 delivers the
equilibrium f = (2,0).

For strictly increasing costs we obtain a related result.

Theorem 4.21 (Method 3). Consider a generalized line planning game with
feasible region FYFG | where the payoffs c. are strictly increasing in f.. Fur-
thermore, consider the following linear problem.
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min Z Apfp subject to f € FLPG, (4.14)
Pep

In this game, the following hold.

(a) If the frequency vector [* is an equilibrium, then there exist \p > 0, P €
P, such that f* solves (4.14).
(b) For all \p > 0, P € P, the optimal solution f* of (4.14) is an equilibrium.

Proof. From strictly increasing c., we obtain cp(f) = > cp ce(fe) strictly
increasing in fp (see also Proposition 2.44). As the line planning game is
an instance of games on polyhedra, and in addition, F*PC is compact for line
planning games (see Lemma 4.13), the considered LPG satisfies the conditions
of Theorem 3.9. As in the LPG the payoff is minimized, the claim follows. O

By Method 3, the complete set of equilibria can be found by solving (4.13)
for all Ap > 0, P € P. The implementation of that approach will need an
analytical study of that solution, and is not discussed here.

Example 4.22. Consider the line planning game analyzed in Example 4.6. We
have strictly increasing cost functions c, in this instance. Hence, we can apply
Theorem 4.21. A frequency vector f* is an equilibrium in this example, if and
only if it is a solution of the following linear program for A\;, Ay > 0,

min Ay f1 + Ao fo subject to f e FFPG,

We find the solution set of this problem and thus, the set of equilibria in the
presented line planning game as {f = (f1,1— f1) : 0 < f1 <1}

The next result holds for line planning games with convex costs.

Lemma 4.23. In a generalized line planning game with strictly convex cost
functions c., all equilibria lie on the boundary of the feasible region FPG

Proof. As we have strictly convex cost functions ¢, on the edges, the cost
functions cp(f) for the players are also strictly convex (see Lemma 2.18 on
page 20 and note that it also holds for the case of strict convexity). As we
have existence of equilibria ensured by Theorem 4.16, the claim follows by
Lemma 3.13 (page 98). O

Comparison of Methods 1-3

Positive Negative
Method 1 Can be used for any cost|All equilibria are not
(Theorem 4.17) [function necessarily found
Method 2 Provides complete set of |Only valid for linear
(Theorem 4.19) |equilibria costs
Method 3 Provides complete set of |Only valid for strictly
(Theorem 4.21) |equilibria increasing costs
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Depending on the type of cost function, one of the described methods is to
be chosen. For line planning games, strictly increasing costs are quite usual.
In these cases, Method 3 is a suitable tool that is able to find all equilibria of
a line planning game.

4.5 Extensions of the Line Planning Game

4.5.1 Integer Line Planning Game

In terms of the practical application of line planning games, frequencies fp
represented by real numbers are not acceptable, as in real-world problems,
frequencies have to be natural numbers. In this section, we extend the basic
line planning game to an integer line planning game (ILPG), where fp € Ny
is required. In our attempt to obtain feasible solutions, we consider in par-
ticular the generalized integer line planning game, where we focus on feasible
frequencies. Formally, the generalized integer line planning game is an integer
version of generalized Nash equilibria (GNE) games (see page 85). To our
knowledge, integer GNE games have not been studied yet and it would be in-
teresting to investigate this field in general and in particular for integer games
on polyhedra. Then, the set of feasible frequency vectors is given by

]FILPG:{f:fpeNOVPeP/\ZfPmein/\ > fpéfé“aXV6€E}-

PeP P:ecP

All other components of the model, such as the cost functions, and lower
and upper bounds, are equal to those definitions of the line planning game
treated in previous sections. The definition of an equilibrium, however, needs
a revision for integer line planning games.

Definition 4.24. In an integer line planning game, a frequency vector f* is
an equilibrium if and only if for all lines P € P and for all fp € Ny it holds
that

be(fip, fp) <bp(fip, fr).

Example 4.25. Consider the line planning game presented in Example 4.6 with
minimal frequency f™" = 1 and maximal frequencies for = forx =2 and
max

e = 3. In the extension to an integer line planning problem, we obtain the
set of feasible frequencies F'"FG as illustrated in Figure 4.8.

The ILPG is in contrast to line planning games (and also to path player
games and games on polyhedra) a finite game. As in line planning games,
we focus in our research on feasible frequencies, as infeasible solutions are not
implementable in practice. Thus, we consider generalized integer line planning
games.
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Fig. 4.8. Set of feasible frequencies F''FS,

Definition 4.26. In a generalized integer line planning game, a frequency
vector f* is a generalized equilibrium if and only if for all lines P € P and
for all fp € FWPS 4t holds that

bP(finf;;) < bP(fiP’fP)'

Theorem 4.27. A generalized integer line planning game is an exact re-
stricted potential game.

Proof. By Theorem 4.16, generalized line planning games are exact restricted
potential games. That means we can find an exact restricted potential function
TI(f) such that for all f_p with (f_p,0) € FLPG and for every x, z € [db, d2)]
it holds:

bp(f-p,x) = bp(f-p,2) =II(f—p,z) = II(f-p, 2). (4.15)

As
FIMPG C FPS and (No N [dp,dp]) © (Ry N [dp,d}]),

it follows that (4.15) also holds for all f_p with (f_p,0) € FILPG and for
every z, z € (No N [d, d3]). O

Theorem 4.28. In an integer line planning game, feasible equilibria exist if
FILPG s nonempty.

Proof. Consider the generalized integer line planning game with respect to
FILPG - As this game is an exact restricted potential game, equilibria are given
by minimizers of the potential function. Because we have a finite number of
frequencies f in F'"PG minimizers exist and so do equilibria in the generalized
integer line planning game. By the definition of the payoff function, these
equilibria are also equilibria in the corresponding integer line planning game
and they are feasible. ad
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As the generalized ILPG is a finite exact restricted potential game, it sat-
isfies the finite improvement property (see Definition 2.82 and Lemma 2.83 on
page 62). As FIP implies the finite best-reply property (FBRP) (see Defini-
tion 2.110) we can obtain a feasible equilibrium in finite time by the procedure
described in Algorithm 2. We use the following definition.

Definition 4.29. In an integer LPG, the best reaction set for a line P is
defined for fixed f_p by

2 ={fp €Ny N [dp,d}]: fp minimizes bp(f_p, fp)}.

Note, that in Chapter 2, the notation f5'** is used for the equivalent definition.
To prevent confusion with f"®*, f™" we changed this term.

Algorithm 2 Best-reply improvement path for ILPG
c IFILPG

: Set initial frequency vector: f°

while 3 PP : fp ¢ f& do
Select P € P : fp ¢ fg
Select fp € f&
Set fp = fp

end while

: Frequency f is a feasible equilibrium.

I vy

Algorithm 2 starts with a feasible frequency vector. By following best-reply
improvement steps, it will never produce an infeasible solution throughout
the procedure. As long as there is a player that can improve her payoff, in
each step such a player shifts to a best-reply strategy. As in each step, a
potential function TI(f) is also strictly increasing, no frequency vector f is
visited twice. As the set of feasible frequencies is bounded, the algorithm
is finite. This observation is provided by the finite best-reply improvement
property. Hence, Algorithm 2 terminates after a finite number of steps, with
a feasible equilibrium.

One major question in terms of implementation of this algorithm is the
choice of an initial frequency vector f0 € F'MPG Indeed, it may be difficult
to find such a feasible integer solution, and it may even be unclear if FIPG
is nonempty. A question left open for future research is, whether the special
structure of the polyhedra defining the line planning game can be exploited to
determine feasible starting frequencies. Furthermore, the choice of the initial
frequency vector and the selection of the active player P influences the result
of the algorithm. Thus, heuristic rules for these selections could also be part
of further research in this area.

As we assume continuous cost functions, f¥% is nonempty for all lines P
(although it does not necessarily include an integer point); see Lemma 2.24
on page 22. For the determination of flb;’”7 appropriate numerical algorithms
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are chosen. Depending on the type of cost function, line search algorithms or
subgradient methods or other suitable methods may be used (see [BS79]).

4.5.2 Multiple Origin—Destination Pairs

We consider a network G = (V, E) with @ multiple origin—destination(OD)
pairs {sq,%4}, ¢ =1,...,Q. For the gth OD pair, the pool of lines connecting
sq and t, is given by P,. The paths are given such that we have pairwise
disjoint sets:

qu m,])qz :(Z) VQI7q2:17"'7Q7 q1 75(]2

With ¢(P) we denote the index of the OD pair {sq,t,} such that P € P,.
Because each line P is assigned to exactly one OD pair, ¢(P) is well defined.
Furthermore, the minimal frequency for the gth OD pair is given by f;‘in. We
denote:

.....

P= |J P, and v (g o

The maximal frequencies on edges fi*** and the cost ¢, assigned to the edges
are defined as in the single origin—destination case. We call such a game a line
planning game with multiple OD pairs.

Definition 4.30. The payoft for player P and a frequency vector f > Oyp| in
an LPG with multiple OD pairs is given by

cP(f) A S pep, i I >[5 AV e € P fo < fIo
() =4 N i Spep,, Ir > "g;?) NIe€P:fo> fr
M if Yo pepy i I < F308)
As in the single OD pair case (see Definition 4.2), a frequency vector f is
called feasible if the bounds f;nin,q =1,...Q and f*** e € F are satisfied.

The set of feasible frequencies for line planning games with multiple OD pairs
is given by

FLPCMOD — f r e RIPV N fo > frinvge QA Y fp < fM™ Vee E
PeP, P:ecP

Finally, we have to adjust the definition of the lower decision limit presented
n (4.4):
dp(f-p) = f2B = > fr
P ePq

PL#P

whereas the upper decision limit stays the same, as presented in (4.5):
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dp(f-p) = min {f* — fo _p}.

If we just consider feasible frequencies f € FLPGMOD e obtain a gener-

alized line planning game with multiple OD pairs. Generalized equilibria are
defined in such games similar to the single OD pair case in Definition 4.11.

Recall the definition of the edge path incidence matrix H (see Defini-
tion 4.12). A line planning game with multiple OD pairs is represented by a
game on a polyhedron S(A,b) with:

_1|'P1\ 0 0 0 __ fmin

0 —1p, ... 0 0 _f%mn

0 0 ... —1p, ., O i

A= o o0 ... 0 g, | b=|Z=E
I f
0

~Ip 1P

Ezxample 4.31. We consider a line planning game with four OD pairs as illus-
trated in Figure 4.9. Let fi"™ =1V ¢g=1,...,Q and f™ =4V e e E. We
denote the edges e = 1,...,24 and the lines with P!,... P9 The frequency
of the lines is given by f1,..., fio.

=1 2
s1 64> — >
4 6
5 7
8 9 10 t

18 20
>< 2><
23

s4 22 0 e 2 gty

Fig. 4.9. Game network of Example 4.31.

The line pools are given by
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7’1 ={P. P} ={12 3) (4,9,7)},
= {P3, P* P°} ={(5,2,6),(8,9,10), (11,16, 14)},
={P5 P" P?} = {(12 9,13),(15,16,17), (18,23,21)},
Py ={P° P} ={(19,16,20), (22,23,24)}.
The polyhedron S(A4, b) representing FLFSMOD ig described in Appendix A.2.

We introduce cost functions c.(f.) = f. for all edges e in E. We apply Theo-
rem 4.17 and solve

mlnz ce(fe) — cel mance fe)

ecE ecE
Y (Z her fp>
eck pPeP

= min (3f1 +3fa+3f3+3f1+3fs +3fc+3fr +3fs +3f9+ 3f10)
subject to f € S(A,b).

As each frequency fp has exactly the same coefficient in the objective func-
tion, each frequency that satisfies ZPqu frp = f;ni“ = 1, for example,
ft=1(1,0,1,0,0,1,0,0,1,0), is an optimal solution and thus also an equi-
librium. The objective value is 4 for all these solutions. The payoff for
f!is given by b(f') = (4,1,4,1,1,3,1,0,3,0), whereas, for example, for
f?=1(1,0,0,1,0,0,1,0,0,1) we have a payoff b(f?) = (3,1,1,3,1,1,3,1,1,3).

We can use this approach also for nonlinear cost functions. Set, for in-
stance, cc(fe) = fZ for all edges e in E. The objective function miny_ . ce(fe)
yields the optimal solution

£ = (0.538,0.462, 0.385, 0.308, 0.308, 0.308, 0.308, 0.385, 0.462, 0.538)

with an objective value of 7.385. Solving this problem as an integer problem
yields f4 = (0,1,1,0,0,0,0,1,1,0), with objective value 12.

4.6 Line Planning for Interregional Trains in Germany

The line planning game chapter closes with a numerical example. We imple-
ment one of our approaches, namely Method 1, Theorem 4.17, using real-
world data related to the German railway system of Deutsche Bahn AG. In
particular we consider train stations connected by interregional trains, such
as InterCityExpress (ICE), InterCity (IC), and EuroCity (EC). The following
studies are meant to test the possibility of implementing our method with re-
alistic data and to obtain equilibria based on larger databases. Our numerical
study is interesting for the following two reasons.
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— Although the investigation of line planning games is still in an early stage,
and the results are hence not ready for practical use yet, the study illus-
trates that further research in this field is worthwhile.

— Second, the numerical behavior of the methods developed for games on
polyhedra is demonstrated.

The following data are at our disposal.

— OD matrix describing 319 train stations and the minimal frequency f;“i“
given for the OD pairs

—  Three line databases of different size, containing 132 (S, small), 688 (M,
medium) and 2770 (L, large) lines

The line databases are not in a form suitable for our model. We discuss
later how line pools are created from these data. From theoretically 319x318 =
101,442 OD pairs, 56,646 still have a positive minimal frequency fé“in and
have to be considered. Thus, we have a line planning game with multiple
OD pairs. For those OD pairs, f(;“in € [1,4831] hold. Note that the values of
f™in are to be interpreted as weights dependent on the number of passengers.
From these weights, frequencies are obtained by a linear transformation. The
train stations under consideration are located in Germany and neighboring
countries. Figure 4.10 illustrates the locations of all 319 stations.

The following information is needed for the line planning game, but is not
provided by the data. We do not have available the maximal frequency f***
on the edges, nor do we know the costs c. assigned to the edges. Thus, we
have to make assumptions for the implementation of our model. As there is
no maximal frequency on the edges, we choose the value sufficiently large for
each edge, such that the maximal frequency is satisfied for our problems. In
particular, we set f*** = 100, 000. Regarding the cost function, the strictly
increasing function

ce(fe) = fe

is implemented on all edges e € E.

As the line planning game model considers only direct connections between
stations, we neglect all OD pairs where no direct connection exists in the
line pool. For the future design of line databases, this should be taken into
consideration. Furthermore, we introduce the bound U, and consider only
OD pairs where f;“in > U, does hold. This bound is used to consider only
OD pairs of strong influence; that is, with high minimal frequencies for our
computations and it is a tool to control the size of the problem.

Furthermore, we have to construct a line pool from the line databases
according to the definitions in our model. As we reduce the number of OD
pairs, we have to analyze only lines that are relevant for the OD pairs under
consideration. Thus, we generate the line pool by using these lines. On the
other hand, one line may offer a direct connection for more than one OD
pair. In our model, we assume disjoint line pools: one line has to be assigned
to exactly one OD pair. According to this, we duplicate lines that provide a
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Fig. 4.10. Train stations under consideration

direct connection for more than one OD pair. The lines have to be given such
that we obtain a line pool P = U —1....q Pq consisting of disjoint subsets Pg.
Note that the frequencies of the orlglnal hnes from the databases S, M, and L
are then given by the sum over the frequencies of the original lines’ duplicates.

We study five scenarios with a different number of OD pairs and use dif-
ferent line databases. In Studies 1, 2, and 3, we consider the same set of OD
pairs, namely for f;li“ > 599, but we change the size of the line database. In
Studies 2, 4, and 5, the line database is invariant (we choose the medium-sized
one), but the set of OD pairs is changed.

S >999| £, > 599 £ > 399
Small Study 1
Medium| Study 4 | Study 2 | Study 5
Large Study 3
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Table 4.1 contains the computational results. We present a short explana-
tion of the content in the following list.

Column 3. Number of OD pairs that satisfy f;“in > U,

Column 5. Size of line databases

Column 6. Number of OD pairs with direct connections and that satisfy
fénln > Uq

Column 7. Size of line pool constructed from line database, including dupli-
cates of lines

Column 8. Number of lines with positive frequency; that is, that are estab-
lished for the PTN (including duplicates)

Column 9. Objective function value of the optimization problem solved with
Method 1

Column 10. Reference to Figure of PTN

Columns 12-14. Copied from the first part of the table, for easier reading

Columns 15-19. Statistical information about length of each line (number of
stations)

Columns 20-24. Statistical information about number of lines (including du-
plicates) serving each train station



Table 4.1. Computational results.

1 2 3 4 5 6 7 8 9 10
Study| Uq # Line | Size |# OD pairs| Size ||Lines with cXw PTN
OD pairs|Data-|Data-| with Direct | Line|| Positive Figure
base | base |Connections|Pool||Frequency
1 (599 251 S 132 87 262 88 1,402,494.001| 4.11
2 |599| 251 M | 688 117 1287 156 2,151,352.000| 4.12
3 |599| 251 L | 2770 157 5544 244 2,636,404.000| 4.13
4 1999] 113 M | 688 53 493 68 1,456,873,000| 4.14
5 399 499 M | 688 132 2610 299 2,971,507.012| 4.15
112 13 [ 14 [[15]16] 17 [18] 19 202122 ] 23 [ 24
# of Stations per Line # of Lines per Station
Study| Line |# OD pairs| # of |[Min|Max|Mean| Var |Histogram |[Min|Max|Mean| Var |Histogram
Data-| with Direct |Chosen Figure Figure
base |Connections| Lines
1 S 87 88 6 | 33 [15.15(25.94| 4.16 1 | 43 | 4.18 | 52.76 4.21
2 M 117 156 9 | 20 [15.06]10.87 4.17 1| 73| 7.36 (131.97 4.22
3 L 157 244 6 | 37 |14.18]23.83] 4.18 1 |12110.84(323.17| 4.23
4 M 53 68 9 | 20 [15.21|11.66| 4.19 1 | 34 |3.24 |30.59 4.24
5 M 132 299 9 | 20 [15.34(10.44| 4.20 1 |129|14.38(435.38| 4.25

274!
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Fig. 4.15. PTN of Study 5, Uy = 399, line pool M.
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Histogram: Number of Stations per Line

Fig. 4.16. Study 1, U, =  Fig. 4.17. Study 2, U, =  Fig. 4.18. Study 3, U, =
599, S. 599, M. 599, L.
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Fig. 4.19. Study 4, U, = 999, M. Fig. 4.20. Study 5, U, = 399, M.
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Histogram: Number of Lines per Station
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In terms of lines per station, the station served by the highest number
of lines in each study is Frankfurt(Main) Stid. For each study, the 12 most

frequented stations in descending order are as follows.

Study
Study
Study

1
2
3
4

Study

=N

e

GU o=

1: U, =599, S

Frankfurt(M) Std
Hanau

Fulda

Mannheim

2: U, =599, M

Frankfurt(M) Siid
Hanau

Fulda

Hannover

3: U, =599, L

. Frankfurt(M) Stud
. Hanau
. Fulda

. Hannover

4: U, = 999, M

Frankfurt(M) Siid
Hanau

Fulda

Hannover
Hamburg Hbf

N

=

=~

*

Kassel-
Wilhelmshohe
Stuttgart
Vaihingen

. Koln-Deutz

. Kassel-

Wilhelmshche
Gottingen
Hamburg Hbf

. Stuttgart

. Kassel-

Wilhelmshche
Gottingen
Hamburg Hbf

. HH-Harburg

. Kassel-

Wilhelmshohe
HH-Harburg
Hamm (Westf.)

. Niirnberg

10.
11.
12.

. Niirnberg
10.
11.
12.

Gottingen
Frankfurt Airport
Hannover

. HH-Harburg
10.
11.
12.

Niirnberg
Vaihingen
Koln-Deutz

. Koln-Deutz
10.
11.
12.

Niirnberg
Berlin Lehrter
Frankfurt Hbf

Koln-Deutz
HH Dammtor
Frankfurt Hbf
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Study 5: U, = 399, M

CU o=

Frankfurt(M) Sid
Hanau

Fulda

Koln-Deutz
Hannover

*

Kassel-
Wilhelmshohe
Frankfurt Hbf
Niirnberg

. Hamburg Hbf

10. HH-Harburg
11. Stuttgart
12. Gottingen
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Summary

In this work a new type of network game, the path player game has been
introduced and analyzed. In this game, players are represented by paths in
a network. Hence, it models network flows from the point of view of the
network operators if we assume that the paths are owned by competing indi-
viduals. For a future extension of the model, it will be worthwhile to consider
not only paths, but complete subnetworks as players. For this investigation,
it makes sense to distinguish the general case from that case, where each
player—subnetwork contains source and sink. In the scope of this research, the
introduction of multiple sources and sinks will be interesting. The path player
game belongs to the class of network games and is related to the routing game
[KP99, CSS04b, Roulb5a], to the bandwidth allocation game [Kel97, JT04],
and to path auctions [ESS04, AT02]. We have been able to prove the existence
of pure-strategy equilibria in path player games, which is a nontrivial task due
to the noncontinuous payoff functions and the infinite, mutually dependent
strategy sets. Moreover, we analyzed different instances of path player games
in more detail and presented characterizations for these cases. For instance,
we introduced the noncompensative security (NCS) property, which provides
together with strictly increasing costs a necessary and sufficient condition for
a profile of flows to be in equilibrium.

Path player games may have multiple equilibria. This observation moti-
vated the analysis of the relation of equilibria and nondominated solutions
in the sense of Pareto (see, e.g., [Ehr05]). It turned out that in fact all rela-
tions between the set of nondominated solutions and the set of equilibria are
possible. In particular, an example related to the Prisoner’s Dilemma (see,
e.g., [Owe95]) has been presented, where each equilibrium is dominated and
each nondominated solution is nonstable. But also classes of games with nice
behavior have been described, where the set of equilibria and the set of non-
dominated solutions are equal or, at least, each nondominated solution is an
equilibrium.

The existence of pure-strategy equilibria in path player games motivated
the investigation of potential functions [Ros73, MS96]. We started the analysis

S. Schwarze, Path Player Games, DOI 10.1007/978-0-387-77928-7_5, 155
(© Springer Science+Business Media, LLC 2009
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by considering only feasible flows, which led to mutual dependent strategy sets.
We introduced the new definition of restricted potential functions, which takes
the dependencies of strategy sets into account. We were able to show the exis-
tence of exact restricted potential functions for path player games. From this
result a second proof for the existence of equilibria and a method to compute
equilibria by maximizing the potential function was derived. Furthermore, we
proved the existence of an ordinal potential function, a weaker type of a po-
tential function, if we consider the original path player game, also allowing
infeasible flows. This result was strengthened in a second approach to the ex-
istence of exact potential functions by extending the payoff function. Apart
from maximizing the potential function, a second approach for computation
of equilibria was derived from the existence of potential functions. Best-reply
improvement sequences were investigated, which, if they are maximal, end up
with equilibria. We were able to describe instances where the best-reply im-
provement sequences are finite, although we studied a problem with an infinite
number of strategies. For all other cases, we showed that approximate equi-
libria can be obtained using e-improvement sequences. For further research
a more detailed analysis of the improvement sequence algorithm would be
interesting. Which initial solution should be chosen? How should the active
player be chosen? These decisions have to be taken before implementing the
algorithm and will influence the performance of the procedure. Moreover, how
can the attraction region of an equilibrium solution be described (i.e., which
set of initial solutions will lead to a particular equilibrium) when using an
improvement sequence?

We have extended the concept of path player games to a network-
independent approach, the newly introduced games on polyhedra. These
games are a special instance of generalized Nash equilibrium games [AD54,
Har91, FP06] and thus are also highly interesting from a theoretical point of
view. The crucial property of generalized Nash equilibrium games is that the
players’ strategy sets are not fixed, but mutually dependent on each other. In
games on polyhedra, these dependencies are described by a polyhedron. The
existence of equilibria is not given in general for games on polyhedra, which we
demonstrated by an example. Nevertheless, for strictly increasing payoffs or
for linear payoffs, the existence of equilibria was proven (for bounded polyhe-
dra) and even more, it is possible to determine the complete set of equilibria
by solving a linearly restricted optimization problem. For linear payoffs or
if the so-called path player game property is satisfied, games on polyhedra
have restricted potential functions. In these cases, the existence of equilibria
is given for bounded polyhedra and the computation of equilibria is possi-
ble by maximizing the potential function. For the investigation of games on
polyhedra we have introduced the game on a hypercuboid, a tool that allows
the analysis without the mutual dependency of strategy sets. To this end, we
analyzed the situation for the smallest hypercuboid that contains the poly-
hedron of interest. For future research in the field of games on polyhedra, an
integer version of the problem is an interesting next step, which also makes
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sense with respect to some applications, such as the line planning problem.
For such an integer version, the improvement sequence approach for games
with potential functions is highly interesting, as we can assume a finite num-
ber of solutions for a bounded polyhedron. Also here it will be interesting how
the initial solution is chosen, and the question arises if such an initial solution
does exist.

Finally, we presented the line planning game, which applies the results
of the previous chapters to a problem from transport optimization, the line
planning problem. It turned out that the line planning game is an instance of
games on polyhedra and in particular it has the path player game property.
Thus, the existence of potential functions was given. This implied the exis-
tence of equilibria if the polyhedron of the line planning game was nonempty,
as the polyhedron is bounded by the nature of the line planning game. Based
on these results, three algorithmic approaches for computation of equilibria
were presented. The first method maximizes the potential function and will
not necessarily find all equilibria, whereas the other two methods are valid
only for strictly increasing or linear payoffs, but yield the complete set of
equilibria. We discussed a multisource-multisink version of the game which is
more appropriate for realistic problems. Moreover, because the line planning
problem is integer, we studied an integer version of the line planning game
and proposed an algorithm for determining equilibria based on the best-reply
improvement sequence. To test the numerical behavior of our first method
in a realistic setting and to determine equilibria with real-world data, we
implemented the maximization of the potential function. For this purpose,
we used data from the Deutsche Bahn AG, in particular from the German
interregional trains. These first results are a motivation to continue the re-
search in this area. Of course, the model is in an early stage. The following
extensions would be first steps towards a more realistic setting. First of all
the introduction of setup costs for establishing lines is a realistic assumption.
Moreover, in our approach, we minimize the expected delay of a line. In addi-
tion, the consideration of the length (e.g., travel time) of a line, maybe even
in a multicriteria approach would be meaningful. Also, the model currently
considers only direct connections from source to sink. This is not satisfying
and it would be nice to allow passengers to change lines. Additional imple-
mentions and numerical tests will be important to check the suitability of the
model.
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Appendix

A.1 Lemma: Transformation of Line Planning Game

Lemma A.1 Consider a line planning game T' = (G, P, f™in, fmax ¢ N, M)
with cost functions co(f.) < 0 for f. < 0. Furthermore, we have f™n < 0
and fo¥ < 0,e € E. We obtain a transformed line planning game T =
(G, P, foin fmax & N M) with ¢.(fe) > 0 for fo >0, f™ >0 and fme >
0,e € E such that the set of equilibria in T' and T coincide, by the following

transformation.
Set
ap = _fmin
Be = _fm“I‘I;l)I}CSO Ce(fe)7
fp=fr+ap,
Ee(fe) = Ce (fe - Z OéP) + fe,
P:ecP
fmin — fmin + Z ap,
Pep
frax — fmax 4 Z ap,VeeFE.
P:ecP

It holds that f is an equilibrium in T if and only if f is an equilibrium in T'.
The cost of player P for feasible frequencies f changes by a transformation
such as the following.

ep(f) =cr(f)+ > Be- (A1)

ecP

Proof. First note that (. exists for all e € E, inasmuch as c.(f.) is contin-
uous and thus the minimum of a compact interval exists by the Weierstrass
extreme value theorem. Furthermore, . and (. are nonnegative for e € E by
definition.
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The cost (A.1) of a line P can be verified by inserting the definitions and
using fe = Y p.ecp [P = Lpieep (fP—ar) = fo = Yp.ecp ar:

EP(_) = Zée(fe) = Z (Ce (f_e - Z Oép) +ﬁe> = CP(f) + Zﬁew
ecP ecP P:ecP ecP

For the proof of the equivalence of equilibria, we check the three cases that
appear in the payoff function.

Part (a)
be(f) = M e 3 fp < o
PeP
o Z fP _ 0413 < fmm Z ap
PeP PeP
= Z fP < fmin
PecP
Part (b)

bp(f)=cp(f) e > fe> ™ ANVeeP: f.< ™

PecP (x%)

()
= ZfPmein A VeGP:feﬁf;“ax

PcP

& bp(f) =cp(f).

(*) ZPePfPZ]Fmin = pr_apzfmin_zap
Pep PeP
o > fp= i

PeP

() VeeP:fo< [ & fom Y ap < fI™— Y ap
P:ecP P:ecP
<:> fe < fmax
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Part (c)

bp(f)=Ne > fp>f" AJeeP:fo> ™
Pepr (skkok)

()

& Y fp<r AdecP:fo> fm
Pep

= bp(f) = N.

(%) see (i1)
(k%) Fe€Pife> ™ & fom D ap> [ =3 ap

PeP PeP
@ fe > félla,X.
Consider any two flows f1, f2 and the corresponding transformations fi, fa. As
the difference of ¢p(f) and cp(f) is given by a constant, and as M and N are

by definition chosen sufficiently large; that is, greater than cp(f) 4 > .cp Be
for all feasible f, it holds:

bp(f1) <bp(f2) & bp(fi1) <bp(fa).

Thus, the set of equilibria coincides for I' and T'. a
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A.2 Polyhedron for Line Planning Game

The following matrix and vector describe the polyhedron in Example 4.31.

Il

e}
_|_AOOO0001001010000000000000000400000000
_|_AOOO1110000000000000000000004000000000

I

<
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